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Abstract
We present a systematic study of the 2nd-order scalar, vector and tensor metric perturbations
in the Einstein-de Sitter Universe in synchronous coordinates. For the scalar-scalar coupling be-
tween 1st-order perturbations, we decompose the 2nd-order perturbed Einstein equation into the
respective field equations of 2nd-order scalar, vector, and tensor perturbations, and obtain their
solutions with general initial conditions. In particular, the decaying modes of solution are in-
cluded, the 2nd-order vector is generated even if the 1st-order vector is absent, and the solution of
the 2nd-order tensor corrects that in literature. We perform general synchronous-to-synchronous
gauge transformations up to 2nd-order generated by a 1st-order vector field ξ(1)µ and a 2nd-order
ξ(2)µ. All the residual gauge modes of 2nd-order metric perturbations and density contrast are
found, and their number is substantially reduced when the transformed 3-velocity of dust is set
to zero. Moreover, we show that only ξ(2)µ is effective in carrying out 2nd order transformations
that we consider, because ξ(1)µ has been used in obtaining the 1st-order perturbations. Holding the
1st-order perturbations fixed, the transformations by ξ(2)µ on the 2nd-order perturbations have the
same structure as those by ξ(1)µ on the 1st-order perturbations.
PACS numbers: 98.80.Hw, 04.25.Nx
Key words: second-order cosmological perturbations; gauge transformation; gravitational
waves.
1 Introduction
Studies of metric perturbations of Robertson-Walker spacetimes within general
relativity constitute the theoretical foundation of cosmology. In the past the per-
turbations, both scalar and tensorial, have been extensively explored to linear
order [1–6], which have been used in calculations of large scale structure [7], cos-
mic microwave background radiation (CMB) [8–18] and relic gravitational wave
(RGW) [19–29]. In the era of precision cosmology, it is necessary to study the 2nd-
order perturbation beyond the linear perturbation, to include nonlinear effects of
gravity on CMB anisotropies and polarization [30, 31], the non-Gaussianality of
primordial perturbation [32], and on relic gravitational waves [33, 34] etc. Recently
∗ymwangbo@mail.ustc.edu.cn
†yzh@ustc.edu.cn
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LIGO collaboration announced its direct detections of gravitational waves emit-
ted from binary black holes [35]. RGW is not detected yet and only constraints
are given upon the background of GW, including RGW, in a band 10 − 2000 Hz
[36]. The current observational constraint on RGW is given by CMB observations,
which is given in terms of the tensor-scalar ratio r < 0.1 over very low frequencies
10−18 ∼ 10−16Hz [37, 38]. Since both scalar and tensor metric perturbations are
generated during inflation, one might expect that they should be of the same order
of amplitude. In some class of scalar inflation models, the ratio is predicted to be
r = 16ǫ, where ǫ is the slow-roll parameter. We like to see other possible mech-
anisms than the inflation, which may change the tensor perturbation during the
cosmic evolution. We are mainly motivated by this issue, and want to examine how
the evolution of RGW during expansion will be affected by the metric perturba-
tion itself. This is encoded in the 2nd-order perturbed Einstein equation, in which
all three irreducible parts of metric perturbations will appear: scalar, vector, and
tensor. In literature the 2nd-order perturbation has been studied to certain extent.
Tomita started a study of the 2nd-order perturbations in synchronous coordinates,
in particular, and gave the general equations of 2nd-order perturbations [39], an-
alyzed the 2nd-order density contrast in some special cases [40]. In the context
of large scale structure, gravitational instability was studied in the 2nd-order per-
turbations [41–43]. Ref. [44] studies the gauge-invariant definition of the second
order curvature perturbation. The 2nd-order perturbations were studied in the
Arnowitt-Deser-Misner framework [45, 46], and the equation of density was given
with the source of squared RGW [47]. A gauge-invariant formulation of 2nd-order
perturbations was developed in Refs. [48, 49]. Matarrese et al derived the field
equations of 2nd scalar and tensor perturbations in Einstein-de Sitter model in the
case of scalar-scalar coupling [50, 51], but the 2nd-order vector is not given, and the
2nd-order tensor is not complete. The 2nd-order vector due to scalar-scalar cou-
pling is explored in Poisson gauge [31, 52]. Ref. [52] calculated only the 2nd-order
vector perturbation in Poisson gauge, and did not give the 2nd-order scalar and
tensor perturbations. In ΛCDM framework, Ref. [53] calculated 2nd-order scalar
and vector perturbations in the Poisson gauge.
In this paper we consider the Einstein-de Sitter model filled with irrotational
matter, the 1st-order vector perturbation can be dropped as a gauge mode. How-
ever, the 2nd-order vector perturbation will inevitably appear along with the 2nd-
order scalar and tensor perturbations. Moreover, these metric perturbations are
coupled. In the 2nd-order perturbed Einstein equation, there are three kinds of
coupling terms: scalar-scalar, scalar-tensor, and tensor-tensor, which are prod-
ucts of 1st-order metric perturbations. The (00) component of the equation is the
energy constraint and the (0i) component is the momentum constraint; neither
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contain second-order time derivatives. The (ij) components are evolution equa-
tions, and involve second-order time derivatives of metric perturbations, which
need to be decomposed into equations of scalar, vector, and tensor, respectively.
This will involve lengthy calculations. We shall write the 2nd-order perturbed Ein-
stein equations into three sets of equations, each having, respectively, the coupling
of scalar-scalar, scalar-tensor, and tensor-tensor. For the scalar-scalar coupling,
we present a complete decomposition, derive the equations of 2nd-order scalar,
vector, and tensor perturbation, respectively, and obtain their solutions with gen-
eral initial conditions. Moreover, perturbations contain residual gauge modes in
synchronous coordinates. We shall also calculate 2nd-order residual gauge transfor-
mations from synchronous to synchronous, and identify the residual gauge modes
of the 2nd-order scalar, vector, tensor metric perturbations.
In Sec. 2, we briefly review the results of 1st-order perturbations, which will be
used later.
In Sec. 3, we write the 2nd-order Einstein equations into three sets, according
to scalar-scalar, scalar-tensor, and tensor-tensor couplings, respectively.
In Sec. 4, for the scalar-scalar coupling, we derive the solutions of the 2nd-order
scalar, vector, tensor perturbations.
In Sec. 5, we derive the residual gauge modes in the 2nd-order metric, and
density perturbations in synchronous coordinates.
Section 6 is the conclusions and discussion.
In the Appendixes, we attach the technical details of some formulas used in
the paper. Appendix A lists the 1st-order metric perturbations and the density
contrast. Appendix B gives the 2nd-order perturbed Ricci tensors. Appendix C
gives the synchronous-to-synchronous gauge transformations up to 2nd-order for a
Robertson-Walker (RW) spacetime. Appendix D lists the 2nd-order synchronous-
to-Poisson gauge transformation. We work with the synchronous coordinates,
adopt mostly the notation in Ref. [51] for comparison, and take the speed of light
c = 1.
2 First-Order Perturbations
In this section, we introduce notations and outline the results of 1st-order perturba-
tions, which will be used in later sections. We consider the Universe filled with the
irrotational, pressureless dust with the energy-momentum tensor T µν = ρUµU ν ,
where ρ is the mass density, Uµ = (a−1, 0, 0, 0) is 4-velocity such that UµUµ = −1.
We take the perturbations of velocity to be U (1)µ = U (2)µ = 0 [see relevant dis-
cussions in the paragraph around Eq.(C.41) in Appendix C], but the density with
3
perturbations to be
ρ = ρ(0)
(
1 + δ(1) +
1
2
δ(2)
)
, (1)
where ρ(0) is the background density, δ(1), δ(2) are the 1st, 2nd-order density con-
trasts. The nonvanishing components are T00 = a
2ρ and T 00 = a−2ρ.
The spatial flat RW metric in synchronous coordinates
ds2 = gµνdx
µdxν = a2(τ)[−dτ 2 + γijdx
idxj], (2)
where τ is conformal time, a(τ) ∝ τ 2 for the Einstein-de Sitter model, γij is written
as
γij = δij + γ
(1)
ij +
1
2
γ
(2)
ij (3)
where γ
(1)
ij and γ
(2)
ij are the 1st- and 2nd-order metric perturbations, respectively.
From (3), one has gij = a−2γij with γij = δij − γ(1)ij − 12γ
(2)ij + γ(1)ikγ
(1)j
k . In this
paper, we use the same notations as in Ref. [51] for simple comparisons, and use
the indices µ, ν = 0, 1, 2, 3 and i, j = 1, 2, 3. The Einstein equation is
Rµν −
1
2
gµνR = 8πGTµν. (4)
The 0th order Einstein equation is(
a′
a
)2
=
8πG
3
a2ρ(0) , 2
a′′
a
−
(
a′
a
)2
= 0, (5)
which also imply the continuity equation ρ(0) ′+3a
′
a ρ
(0) = 0, where the prime denotes
time derivative with respect to τ . The perturbed Einstein equation is
G(A)µν = 8πGT
(A)
µν , A = 1, 2 (6)
where we shall study up to 2nd order. For each order of (6), the (00) component
is the energy constraint, (0i) components are the momentum constraints, and (ij)
components contain the evolution equations. The set of equations (6) determines
the dynamics of gravitational systems, and also implies conservation of energy and
momentum of matter, T (A)µν ; ν = 0.
The 1st-order metric perturbation γ
(1)
ij can be written as
γ
(1)
ij = −2φ
(1)δij + χ
(1)
ij (7)
where φ(1) is the trace part of the scalar perturbation, and χ
(1)
ij is traceless and can
be further decomposed into a scalar and a tensor
χ
(1)
ij = Dijχ
‖(1) + χ
⊤(1)
ij , (8)
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where Dij ≡ ∂i∂j−
1
3δij∇
2 is a traceless operator Di i = 0, χ
‖(1) is a scalar function,
and Dijχ
‖(1) is the traceless part of the scalar perturbation, and χ
⊤(1)
ij is the tensor
part (relic gravitational wave), satisfying the traceless and transverse conditions:
χ⊤(1)i i = 0, ∂
iχ
⊤(1)
ij = 0. Thus the scalar perturbations have two modes: φ
(1) and
Dijχ
‖(1). In this paper, we do not consider the 1st-order vector perturbation which
is a residual gauge mode and can be set 0 since the matter is an irrotational dust.
See the paragraph below (C.22) in Appendix C for an explanation. However, as
shall be seen later, the 2nd-order vector perturbation will inevitably appear due
to couplings of the 1st-order perturbations. Thus, the 2nd-order perturbation is
written as
γ
(2)
ij = −2φ
(2)δij + χ
(2)
ij (9)
with the traceless part
χ
(2)
ij = Dijχ
‖(2) + χ
⊥(2)
ij + χ
⊤(2)
ij . (10)
where the vector mode satisfies a condition
∂i∂jχ
⊥(2)
ij = 0, (11)
which can be written in terms of a curl vector
χ
⊥(2)
ij = 2A(i,j) ≡ ∂iAj + ∂jAi, ∂
iAi = 0. (12)
Since the 3-vector Ai is divergenceless and has only two independent components,
the vector metric perturbation χ
⊥(2)
ij has two independent polarization modes, cor-
respondingly.
The 1st-order perturbations are well known (see Appendix A). We list the so-
lutions that will appear in the 2nd-order equations as the source. From Eq.(A.26)
in Appendix A, the solution of the 1st-order matter density contrast is
δ(1) = δ
(1)
0 + 3(φ
(1) − φ
(1)
0 ), (13)
where δ
(1)
0 is the initial value of the 1st-order density contrast and φ
(1)
0 is the
initial value of scalar perturbation φ(1). The 1st-order perturbed Einstein equation
consists of G
(1)
00 = 8πGa
2ρ(0)δ(1), G
(1)
0i = 0, G
(1)
ij = 0, where T
(1)
iµ = 0 for the dust.
The solutions of scalar are
φ(1)(x, τ) =
5
3
ϕ(x) +
τ 2
18
∇2ϕ(x) +
X(x)
τ 3
, (14)
Dijχ
‖(1)(x, τ) = −
τ 2
3
(
ϕ(x),ij −
1
3
δij∇
2ϕ(x)
)
−
6∇−2DijX(x)
τ 3
, (15)
5
the 1st-order density contrast is
δ(1) =
1
6
τ 2∇2ϕ+
3X
τ 3
. (16)
In the above, ϕ is the gravitational potential at time τ0
∇2ϕ =
6
τ 20
δ
(1)
0g , (17)
determined by the initial density of the growing mode, and X represents the decay-
ing mode of perturbations such that 3X
τ30
is the initial density contrast of decaying
mode. The reason to keep the decaying mode is the following: in principle, for
a full treatment, the initial condition at τ0, i.e, at the radiation-matter equality
(z ∼ 3500), should be determined by the connection of physical quantities such as
the energy density etc, which generally leads to continuous connection of pertur-
bations and their time derivatives. For such a connection to be made consistently,
both growing and decaying modes in solutions of perturbations should be kept.
This is true for the 1st order, as well as the 2nd-order perturbations, respectively.
The solution of tensor is
χ
⊤(1)
ij (x, τ) =
1
(2π)3/2
∫
d3keik·x
∑
s=+,×
s
ǫij(k)
s
hk(τ), k = kkˆ, (18)
with two polarization tensors satisfying
s
ǫij(k)δij = 0,
s
ǫij(k)ki = 0,
s
ǫij(k)
s′
ǫij(k) = 2δss′.
During the matter dominant stage the mode is given by
s
hk(τ) =
1
a(τ)
√
π
2
√
τ
2
[ s
d1(k)H
(1)
3
2
(kτ) +
s
d2(k)H
(2)
3
2
(kτ)
]
, (19)
where the coefficients
s
d1,
s
d2 are determined by the initial condition during inflation
and by subsequent evolutions through the reheating, radiation dominant stages
[19, 28]. Here cosmic processes, such as neutrino free-streaming [54, 55], QCD
transition, and e+e− annihilation [56] only slightly modify the amplitude of RGW
and will be neglected in this study. For relic gravitational waves (RGW) generated
during inflation [19, 22–25], the two modes
s
hk(τ) with s = +,× are usually assumed
to be statistically equivalent, the superscript s can be dropped.
Put together, the solution of 1st-order metric perturbation is
γ
(1)
ij = −
10
3
ϕδij −
τ 2
3
ϕ,ij −
6
τ 3
∇−2X,ij + χ
⊤(1)
ij , (20)
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which will be used later. We remark that the evolution equations [see Eqs.(A.13)
(A.14) in Appendix A] of scalars φ(1) and χ‖(1) are not wave equations, in contrast
to Eq.(A.11) for tensor χ
⊤(1)
ij . Thus, the scalar perturbations do not propagate at
speed of light, but just follow where the density perturbation is distributed.
3 The Second-Order Perturbed Einstein Equations
The (00) component of the 2nd-order perturbed Einstein equation is
G
(2)
00 ≡ R
(2)
00 −
1
2
g
(0)
00 R
(2) = 4πGa2ρ(0)δ(2), (21)
where δ(2) is the 2nd-order density contrast. Calculations give
∇2φ(2) −
3a′
a
φ(2)
′
+
1
6
∇2∇2χ||(2)
=4πGa2ρ(0)δ(2) + 12
a′
a
φ(1)
′
φ(1) − 3φ(1)
′
φ(1)
′
− 3φ
(1)
, k φ
(1), k − 8φ(1)∇2φ(1)
− 2φ(1)Dklχ
||(1)
, kl + φ
(1)
, klD
klχ||(1) +
1
8
Dklχ||(1)
′
Dklχ
||(1)′ +
a′
a
Dklχ||(1)Dklχ
||(1)′
+Dmlχ
||(1), l
, k D
kmχ||(1) −
1
2
Dkmχ||(1)∇2Dkmχ
||(1) +
1
2
Dkmχ
||(1)
, k Dmlχ
||(1), l
−
3
8
Dkmχ
||(1)
, l Dkmχ
||(1), l +
1
4
Dkmχ
||(1)
, l D
l
kχ
||(1)
,m
+ χ⊤(1)klφ
(1)
, kl +
1
4
χ
⊤(1)′
kl D
klχ||(1)
′
+
a′
a
χ⊤(1)klDklχ
||(1)′ +
a′
a
χ
⊤(1)′
kl D
klχ||(1)
+ χ⊤(1)kmDmlχ
||(1), l
, k −
1
2
χ⊤(1)km∇2Dkmχ
||(1) −
1
2
Dkmχ||(1)∇2χ
⊤(1)
km
−
3
4
χ
⊤(1), l
km D
kmχ
||(1)
, l +
1
2
χ
⊤(1)l
k,m D
kmχ
||(1)
, l
+
1
8
χ⊤(1)
′klχ
⊤(1)′
kl +
a′
a
χ⊤(1)klχ
⊤(1)′
kl −
1
2
χ⊤(1)km∇2χ
⊤(1)
km −
3
8
χ
⊤(1)km
, l χ
⊤(1), l
km
+
1
4
χ
⊤(1)km
, l χ
⊤(1)l
k,m (22)
where the coupling terms of 1st-order perturbations are moved to the rhs of the
equation, and they serve as an effective source of 2nd-order metric perturbations
besides 4πGa2ρ0δ(2). By comparison, the structure of Eq. (22) is similar to Eq.(A.6)
of the 1st-order except these coupling terms. Using δ(2) of (A.29) in Appendix A
and Eq.(14) and Eq. (15) to express the 1st-order perturbations in terms of the
potential ϕ, Eq.(22) is written as the 2nd-order energy constraint [51]:
2
τ
φ(2)
′
+
6
τ 2
φ(2) −
1
3
∇2φ(2) −
1
12
Dijχ
‖(2)
,ij = ES + Es(t) + ET , (23)
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where
ES ≡(
100
27
+
20τ 20
9τ 2
)ϕ∇2ϕ+
25
9
ϕ, iϕ
, i + (−
5τ 2
54
+
τ 40
9τ 2
)ϕ, ijϕ
, ij +
5τ 2
27
ϕ, i∇
2ϕ, i
+ (
4τ 2
27
+
τ 40
18τ 2
)(∇2ϕ)2 −
τ 4
216
∇2ϕ, i∇2ϕ, i +
τ 4
216
ϕ, ijkϕ, ijk −
2
τ 2
δ
(2)
S 0 +
6
τ 2
φ
(2)
S 0
−
9
2τ 8
X2 +
45
2τ 8
∇−2X, kl∇
−2X , kl −
3
2τ 6
X , kX, k +
3
2τ 6
∇−2X , kml∇−2X, kml
+
1
3τ 3
X∇2ϕ+
10
3τ 3
X , kϕ, k +
5
3τ 3
ϕ,kl∇
−2X , kl +
36
τ 60 τ
2
∇−2X ,ij∇−2X,ij
+
18
τ 60 τ
2
X2 +
40
τ 30 τ
2
ϕX +
4
τ0τ 2
ϕ,ij∇
−2X ,ij +
2
τ0τ 2
X∇2ϕ
−
1
6τ
X, k∇
2ϕ, k +
1
6τ
ϕ,kml∇−2X, kml, (24)
Es(t) ≡
5τ
18
χ⊤(1)
′ijϕ, ij +
5
9
χ⊤(1)ijϕ, ij −
τ 2
18
ϕ, ij∇
2χ⊤(1)ij −
τ 2
36
χ⊤(1)ij, kϕ, ijk
−
2τ 20
3τ 2
ϕ, ijχ
⊤(1)
0ij −
2
τ 2
δ
(2)
s(t) 0 +
6
τ 2
φ
(2)
s(t) 0
+
5
2τ 4
χ
⊤(1)′
kl ∇
−2X ,kl −
1
τ 3
∇−2X ,kl∇2χ
⊤(1)
kl
−
1
2τ 3
χ
⊤(1)
km, l∇
−2X ,klm −
12
τ 30 τ
2
χ
⊤(1)
0kl ∇
−2X ,kl, (25)
ET ≡−
1
24
χ⊤(1)
′ijχ
⊤(1)′
ij −
2
3τ
χ⊤(1)
′ijχ
⊤(1)
ij +
1
6
χ⊤(1)ij∇2χ
⊤(1)
ij +
1
8
χ⊤(1)ij,kχ
⊤(1)
ij,k
−
1
12
χ⊤(1)ij,kχ
⊤(1)
kj,i −
1
τ 2
χ⊤(1)ijχ
⊤(1)
ij +
1
τ 2
χ
⊤(1)ij
0 χ
⊤(1)
0ij −
2
τ 2
δ
(2)
T 0 +
6
τ 2
φ
(2)
T 0, (26)
are the coupling terms of the 1st-order perturbations. All ES, Es(t) and ET contain
the initial values δ
(2)
0 , φ
(2)
0 , χ
⊤(1)
0ij etc at τ0. The subscript “S ” denotes those con-
tributed by scalar-scalar couplings ϕϕ and Xϕ and XX, “s(t)” by scalar-tensor
ϕχ
⊤(1)
ij and Xχ
⊤(1)
ij , and “T ” by tensor-tensor χ
⊤(1)
ij χ
⊤(1)
kl . We notice that neither
the tensor χ
⊤(2)
ij nor the vector χ
⊥(2)
ij appears in the energy constraint (23).
The (0i) component of the 2nd-order perturbed Einstein equation is
G
(2)
0i = R
(2)
0i = 0, (27)
with T
(2)
0i = 0. UsingR
(2)
0i in Eq.(B.2) in Appendix B, Eq.(27) leads to the 2nd-order
momentum constraint [51]:
2φ
(2)′
, j +
1
2
Dijχ
||(2) ′, i +
1
2
χ
⊥(2)′, i
ij = MSj +Ms(t)j +MT j, (28)
8
where
MSj ≡−
10τ
9
ϕ, j∇
2ϕ+
τ 3
9
ϕ, kj∇
2ϕ, k −
10τ
9
ϕ, kϕ, kj −
τ 3
9
ϕ, ikϕ, ijk
+
54
τ 7
∇−2X ,kl∇−2X,klj −
54
τ 7
X ,k∇−2X,jk +
30
τ 4
ϕ,jX +
30
τ 4
ϕ, k∇−2X,jk
−
3
τ 2
∇−2X,jk∇
2ϕ,k +
2
τ 2
X ,kϕ,jk +
3
τ 2
ϕ,klj∇
−2X ,kl −
2
τ 2
ϕ,kl∇−2X,klj (29)
Ms(t)j ≡
τ 2
3
[
ϕ, ik(χ
⊤(1)′ik
, j − χ
⊤(1)′k, i
j ) +
1
2
χ⊤(1)
′ikϕ, ijk −
1
2
χ
⊤(1)′
kj ∇
2ϕ, k
]
+
τ
3
ϕ, ikχ
⊤(1)ik
, j +
5
3
ϕ, kχ
⊤(1)′
kj
−
9
τ 4
χ
⊤(1)
kl, j ∇
−2X ,kl −
6
τ 3
χ
⊤(1)′
jk, l ∇
−2X ,kl +
6
τ 3
χ
⊤(1)′
kl, j ∇
−2X ,kl
+
3
τ 3
χ
⊤(1)′
kl ∇
−2X ,kl, j −
3
τ 3
χ
⊤(1)′
kj X
,k (30)
MT j ≡χ
⊤(1)ik(χ
⊤(1)′
kj, i − χ
⊤(1)′
ki, j )−
1
2
χ
⊤(1)ik
, j χ
⊤(1)′
ik , (31)
are the couplings of the 1st-order perturbations, formed from various products of
the gravitational potential ϕ and tensor χ
⊤(1)
ij . Eq.(28) is similar to Eq.(A.2) for
the 1st order, except for the vector on the lhs and the coupling terms on the rhs.
Notice that the tensor χ
⊤(2)
ij does not appear in (28).
The (ij) component of the 2nd-order perturbed Einstein equation is
G
(2)
ij ≡ R
(2)
ij −
1
2
δija
2R(2) −
1
4
a2γ
(2)
ij R
(0) −
1
2
a2γ
(1)
ij R
(1) = 0. (32)
To compare with the equation (4.30) in Ref. [51], one can combine Eq.(32) into
the the following
2G
(2)
ij − δijG
(2)
kl δ
kl = 0. (33)
Plugging Eq.(B.7) and Eq.(B.8) and the 1st-order solutions (14) and (15) into
above, and using Eq.(12) gives the 2nd-order evolution equation [51]:
−(φ(2)
′′
+
4
τ
φ(2)
′
)δij + φ
(2)
,ij +
1
2
(Dijχ
||(2)′′ +
4
τ
Dijχ
||(2)′) +
1
2
(χ
⊥(2)′′
ij +
4
τ
χ
⊥(2)′
ij )
+
1
2
(χ
⊤(2)′′
ij +
4
τ
χ
⊤(2)′
ij −∇
2χ
⊤(2)
ij )−
1
4
Dklχ
||(2), klδij +
2
3
∇2χ
||(2)
, ij −
1
2
∇2Dijχ
||(2)
= SS ij + Ss(t)ij + ST ij, (34)
9
where
SSij ≡−
100
9
ϕϕ,ij +
25
9
ϕ,kϕ,kδij −
50
3
ϕ,iϕ,j +
24τ 2
9
ϕ,k,iϕ,kj
+
11τ 2
18
(∇2ϕ)2δij −
22τ 2
9
ϕ,ij∇
2ϕ−
11τ 2
18
ϕ,klϕ,klδij −
5τ 2
9
ϕ,kϕ
,k
,ij
+
τ 4
18
ϕ,k,ij∇
2ϕ,k −
τ 4
72
∇2ϕ,m∇2ϕ,mδij −
τ 4
18
ϕ,kl,j ϕ,ikl +
τ 4
72
ϕ,kl,mϕ
,m
,klδij
+
81
2τ 8
X2δij −
81
2τ 8
∇−2X,kl∇
−2X ,klδij −
162
τ 8
X∇−2X,ij
+
324
τ 8
∇−2X ,k,i ∇
−2X,kj −
9
2τ 6
X ,kX,kδij +
9
2τ 6
∇−2X ,kml∇−2X,kmlδij
+
18
τ 6
X ,k∇−2X,kij −
18
τ 6
∇−2X ,kl,i ∇
−2X,klj +
7
τ 3
X∇2ϕδij −
7
τ 3
ϕ,kl∇−2X,klδij
−
14
τ 3
ϕ,ijX −
14
τ 3
∇2ϕ∇−2X,ij −
10
τ 3
ϕ,k∇−2X,kij +
8
τ 3
ϕ,k,i∇
−2X,kj
+
8
τ 3
ϕ,k,j∇
−2X,ki −
1
2τ
X,k∇
2ϕ,kδij +
1
2τ
ϕ,klm∇
−2X ,klmδij
+
1
τ
X ,kϕ,kij +
1
τ
∇−2X,kij∇
2ϕ,k −
1
τ
ϕ,klj∇
−2X ,kl,i −
1
τ
ϕ,kli∇
−2X ,kl,j (35)
Ss(t)ij ≡−
τ 2
6
ϕ,klχ
⊤(1)′′
kl δij −
2τ
3
ϕ,k,iχ
⊤(1)′
kj −
2τ
3
ϕ,k,jχ
⊤(1)′
ki +
τ
3
χ
⊤(1)′
ij ∇
2ϕ−
τ
2
ϕ,klχ
⊤(1)′
kl δij
+
10
3
χ
⊤(1)
ij ∇
2ϕ+
5
3
ϕ,klχ
⊤(1)klδij −
10
3
ϕ,k,jχ
⊤(1)
ki −
10
3
ϕ,k,iχ
⊤(1)
kj +
10
3
ϕ∇2χ
⊤(1)
ij
+
τ 2
3
ϕ,klχ
⊤(1)
ij, kl +
τ 2
3
ϕ,klχ
⊤(1)
kl, ij −
τ 2
3
ϕ,klχ
⊤(1)
li, jk −
τ 2
3
ϕ,klχ
⊤(1)
lj, ik + 5ϕ
, kχ
⊤(1)
ij, k
−
5
3
ϕ, kχ
⊤(1)
ki,j −
5
3
ϕ, kχ
⊤(1)
kj, i +
τ 2
6
χ
⊤(1)
ij, k ∇
2ϕ, k −
τ 2
6
χ
⊤(1)
ki, j∇
2ϕ,k −
τ 2
6
χ
⊤(1)
kj, i∇
2ϕ, k
+
τ 2
6
ϕ,kl, i χ
⊤(1)
kl, j +
τ 2
6
ϕ,kl,j χ
⊤(1)
kl, i −
τ 2
12
ϕ,kmlχ
⊤(1)
km, lδij
−
33
2τ 4
χ
⊤(1)′
kl ∇
−2X ,klδij −
3
2τ 3
χ
⊤(1)
kl,m∇
−2X ,klmδij −
3
τ 3
χ
⊤(1)′′
kl ∇
−2X ,klδij
−
9
τ 4
Xχ
⊤(1)′
ij +
18
τ 4
χ
⊤(1)′
ki ∇
−2X ,k,j +
18
τ 4
χ
⊤(1)′
kj ∇
−2X ,k,i
−
3
τ 3
X , kχ
⊤(1)
kj, i −
3
τ 3
X , kχ
⊤(1)
ki, j +
3
τ 3
X , kχ
⊤(1)
ij, k
−
6
τ 3
χ
⊤(1)
lj, ik∇
−2X ,kl −
6
τ 3
χ
⊤(1)
li, jk∇
−2X ,kl +
6
τ 3
χ
⊤(1)
ij, kl∇
−2X ,kl
+
6
τ 3
χ
⊤(1)
kl, ij∇
−2X ,kl +
3
τ 3
χ
⊤(1)
kl, i ∇
−2X ,kl,j +
3
τ 3
χ
⊤(1)
kl, j ∇
−2X ,kl, i (36)
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ST ij ≡χ
⊤(1)′k
i χ
⊤(1)′
kj −
1
8
χ⊤(1)
′klχ
⊤(1)′
kl δij + χ
⊤(1)klχ
⊤(1)
li, jk + χ
⊤(1)klχ
⊤(1)
lj, ik
− χ⊤(1)klχ
⊤(1)
kl, ij − χ
⊤(1)klχ
⊤(1)
ij, kl + χ
⊤(1), k
li χ
⊤(1), l
kj − χ
⊤(1)k
i, l χ
⊤(1), l
jk
−
1
2
χ
⊤(1)kl
, i χ
⊤(1)
kl, j +
3
8
χ⊤(1)kl,mχ
⊤(1)
kl,mδij −
1
4
χ
⊤(1)
ml, kχ
⊤(1)mk, lδij
+
1
2
χ⊤(1)klχ
⊤(1)′′
kl δij +
2
τ
χ⊤(1)klχ
⊤(1)′
kl δij, (37)
are the couplings and play a role of source of evolution. Note that the 2nd-order
perturbations, scalar φ(2), χ||(2), vector χ
⊥(2)
ij , and tensor χ
⊤(1)
ij , all appear in the
evolution equation (34).
There are three types of couplings: scalar-scalar, scalar-tensor, and tensor-tensor
in (23), (28), and (34). In order to deal with these equations separately, we split
the 2nd-order perturbations into three parts according to the type of couplings
φ(2) ≡ φ
(2)
S + φ
(2)
s(t) + φ
(2)
T , (38)
Dijχ
||(2) ≡ Dijχ
||(2)
S +Dijχ
||(2)
s(t) +Dijχ
||(2)
T , (39)
χ
⊥(2)
ij = χ
⊥(2)
Sij + χ
⊥(2)
s(t)ij + χ
⊥(2)
T ij , (40)
χ
⊤(2)
ij = χ
⊤(2)
Sij + χ
⊤(2)
s(t)ij + χ
⊤(2)
T ij , (41)
and the equations (23), (28), and (34) into three sets as follows. The first set
involves only the scalar-scalar coupling:
2
τ
φ
(2)′
S −
1
3
∇2φ
(2)
S +
6
τ 2
φ
(2)
S −
1
12
Dijχ
‖(2)
S,ij = ES, (42)
2φ
(2)′
S,j +
1
2
Dijχ
‖(2) ′, i
S +
1
2
χ
⊥(2)′, i
S ij = MSj, (43)
−(φ
(2)′′
S +
4
τ
φ
(2)′
S )δij + φ
(2)
S,ij +
1
2
(Dijχ
||(2)′′
S +
4
τ
Dijχ
||(2)′
S )
+
1
2
(χ
⊥(2)′′
S ij +
4
τ
χ
⊥(2)′
S ij ) +
1
2
(χ
⊤(2)′′
S ij +
4
τ
χ
⊤(2)′
S ij −∇
2χ
⊤(2)
S ij )
−
1
4
Dklχ
||(2), kl
S δij +
2
3
∇2χ
||(2)
S, ij −
1
2
∇2Dijχ
||(2)
S = SS ij . (44)
Observe that MSj on the rhs of (43) has a nonvanishing curl, ε
ikj∂kMSj 6= 0 with
εikj as the Levi-Civita symbol, commanding the introduction of the 2nd-order
vector χ
⊥(2)
S ij on the lhs.
The second set involves the scalar-tensor coupling:
2
τ
φ
(2)′
s(t) −
1
3
∇2φ
(2)
s(t) +
6
τ 2
φ
(2)
s(t) −
1
12
Dijχ
‖(2)
s(t),ij = Es(t) , (45)
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2φ
(2)′
s(t),j +
1
2
Dijχ
‖(2) ′, i
s(t) +
1
2
χ
⊥(2)′, i
s(t)ij =Ms(t)j (46)
−(φ
(2)′′
s(t) +
4
τ
φ
(2)′
s(t))δij + φ
(2)
s(t),ij +
1
2
(Dijχ
||(2)′′
s(t) +
4
τ
Dijχ
||(2)′
s(t) )
+
1
2
(χ
⊥(2)′′
s(t) ij +
4
τ
χ
⊥(2)′
s(t) ij) +
1
2
(χ
⊤(2)′′
s(t) ij +
4
τ
χ
⊤(2)′
s(t) ij −∇
2χ
⊤(2)
s(t) ij)
−
1
4
Dklχ
||(2), kl
s(t) δij +
2
3
∇2χ
||(2)
s(t), ij −
1
2
∇2Dijχ
||(2)
s(t) = Ss(t) ij . (47)
The third set involves the tensor-tensor coupling:
2
τ
φ
(2)′
T −
1
3
∇2φ
(2)
T +
6
τ 2
φ
(2)
T −
1
12
Dijχ
‖(2)
T,ij = ET , (48)
2φ
(2)′
T,j +
1
2
Dijχ
‖(2) ′, i
T +
1
2
χ
⊥(2) ′, i
T ij = MT j (49)
−(φ
(2)′′
T +
4
τ
φ
(2)′
T )δij + φ
(2)
T,ij +
1
2
(Dijχ
||(2)′′
T +
4
τ
Dijχ
||(2)′
T )
+
1
2
(χ
⊥(2)′′
T ij +
4
τ
χ
⊥(2)′
T ij ) +
1
2
(χ
⊤(2)′′
T ij +
4
τ
χ
⊤(2)′
T ij −∇
2χ
⊤(2)
T ij )
−
1
4
Dklχ
||(2), kl
T δij +
2
3
∇2χ
||(2)
T, ij −
1
2
∇2Dijχ
||(2)
T = ST ij . (50)
The lhs of these equations involve only the 2nd-order metric perturbations with
a similar structure to those of the 1st-order equations, but the difference is the
couplings on the rhs.
During the matter era, the 1st-order tensor has a lower amplitude than the
1st-order scalar. As the 1st-order solutions (14) (15) (19) show, the scalar grows
as φ(1), χ‖(1) ∝ a(τ), whereas the short wavelengths modes of tensor decrease as
hk(τ) ∝ 1/a(τ), and those of long wavelength remain constant hk(τ) ∝ const [19,
28]. Given the upper bound of tensor-scalar ratio r < 0.1 [37, 38], the amplitude
of scalar is growing dominant over that of tensor. This leads to an estimation
that, among the three types of couplings, the scalar-scalar is greater in magnitude
than the scalar-tensor and tensor-tensor for the matter stage. In the following,
we shall focus on the set of equations of scalar-scalar coupling. As for the scalar-
tensor and tensor-tensor couplings, they are more involved and will be reported in
a subsequent paper separately in the future.
4 2nd-Order Perturbations with the scalar-scalar coupling Source
4.1 Scalar perturbation φ
(2)
S
We shall solve the set of equations (42), (43), and (44), which have a structure
similar to that of the 1st-order equations [(A.2) (A.6) (A.9) in Appendix A] except
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for the coupling terms on the rhs. Applying ∂j
∫ τ
τ0
dτ ′ on Eq.(43) gives
2∇2φ
(2)
S +
1
2
Dijχ
‖(2), ij
S =
∫ τ
τ0
dτ ′M ,jSj + 2∇
2φ
(2)
S 0 +
1
2
Dijχ
‖(2), ij
S 0 (51)
with χ
‖(2)
S 0 being the value at τ0. A combination [Eq.(42) +
1
6∂
j
∫ τ
τ0
dτ ′ Eq.(43)],
yields the first-order differential equation of φ
(2)
S as follows:
φ
(2) ′
S +
3
τ
φ
(2)
S =
τ
2
ES −
5τ 3
108
(∇2ϕ∇2ϕ+ 2ϕ,i∇2ϕ,i + ϕ
,kiϕ,ki)
+
τ 5
432
(∇2ϕ,k∇2ϕ,k − ϕ
,ijkϕ,ijk)−
τ
12
F
+
3
4τ 5
(X ,kX,k −∇
−2X ,klm∇−2X,klm)
−
5
6τ 2
(2ϕ,kX
,k +X∇2ϕ+ ϕ, kl∇−2X,kl)
+
1
12
(X,k∇
2ϕ,k − ϕ,klm∇
−2X ,klm), (52)
where
F ≡− 2∇2φ
(2)
S 0 −
1
3
∇2∇2χ
‖(2)
S 0
−
5τ 20
9
(∇2ϕ∇2ϕ + 2ϕ,i∇2ϕ,i + ϕ
,kiϕ,ki) +
τ 40
36
(∇2ϕ,k∇2ϕ,k − ϕ
,ijkϕ,ijk)
+
9
τ 60
(X ,kX,k −∇
−2X ,klm∇−2X,klm)−
10
τ 30
(2ϕ,kX
,k +X∇2ϕ+ ϕ, kl∇−2X,kl)
+
1
τ0
(X,k∇
2ϕ,k − ϕ,klm∇
−2X ,klm) , (53)
depending on the initial values φ
(2)
S0 , χ
||(2)
S0 at τ0. The solution of Eq.(52) is
φ
(2)
S =
1
7
τ 4
(
1
36
∇2ϕ∇2ϕ−
5
54
ϕ,kiϕ
,ki
)
+ τ 2
(
10
27
ϕ∇2ϕ+
5
18
ϕ,iϕ
,i
)
−
τ 2
60
F
−
3
4τ 6
(5∇−2X, kl∇
−2X , kl −X2) +
Z(x)
τ 3
−
1
3τ
X∇2ϕ
+
(
φ
(2)
S 0 −
1
3
δ
(2)
S 0 +
6
τ 60
∇−2X ,kl∇−2X,kl +
3
τ 60
X2 +
20
3τ 30
ϕX +
2
3τ0
ϕ,ij∇
−2X ,ij
+
1
3τ0
X∇2ϕ+
10τ 20
27
ϕ∇2ϕ+
τ 40
54
ϕ,ijϕ
,ij +
τ 40
108
(∇2ϕ)2
)
, (54)
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where
Z =
τ 30
3
δ
(2)
S 0 +
τ 50
60
F − τ 50
(
20
27
ϕ∇2ϕ+
5
18
ϕ,iϕ
,i
)
−
τ 70
7
(
5
54
∇2ϕ∇2ϕ+
1
27
ϕ,kiϕ
,ki
)
+
3
4τ 30
(−3∇−2X, kl∇
−2X , kl − 5X2)−
20
3
ϕX −
2τ 20
3
ϕ,ij∇
−2X ,ij , (55)
in which φ
(2)
S0 , χ
||(2)
S0 , δ
(2)
S0 need to be fixed by joining conditions with the Radiation
Dominated stage. In particular, the 2nd-order density contrast δ
(2)
S0 is generally
nonvanishing and has been inherited from the previous expansion stages. In the
above all the X terms are contributed by the 1st-order decaying modes.
Note that, the solution (54) can be also derived in another way, using the trace
part of the evolution equation (44) and the energy constraint (42), i.e, the trace of
Eq.(44) plus three times of Eq.(42) is the Raychaudhuri equation of φ(2), and the
solution is the same as (54).
The expression (54) extends (4.31) of Ref. [51] to general initial conditions at τ0.
For a realistic cosmological model, the initial metric perturbations at the radiation-
matter equality are important and determine the spectra of CMB abiotrophies and
polarization [16].
4.2 Scalar perturbation Dijχ
||(2)
S
Substituting MSj of (29) and φ
(2)
S of (54) into Eq.(51), one obtains the scalar
χ
‖(2)
S =
τ 4
84
∇−2
[20
3
ϕ,klϕ, kl − 2∇
2ϕ∇2ϕ+∇−2
(
7∇2ϕ,k∇2ϕ, k − 7ϕ
, klmϕ, klm
) ]
−
5τ 2
18
[
4ϕϕ+ 4∇−2
(
ϕ, kϕ
, k
)
+∇−2∇−2
(
6∇2ϕ∇2ϕ− 6ϕ, klϕ
, kl
) ]
+∇−2∇−2A+
τ 2
10
∇−2F
+
9
2τ 6
[
∇−2
(
5∇−2X, kl∇
−2X , kl −X2
)
+∇−2∇−2
(
6X ,kX,k − 6∇
−2X ,klm∇−2X,klm
) ]
+
6
τ 3
[
−∇−2 (Z + 5ϕX) +∇−2∇−2
(
5ϕ∇2X − 5ϕ, kl∇−2X,kl
) ]
+
1
τ
[
∇−2
(
2X∇2ϕ
)
+ 3∇−2∇−2
(
X, k∇
2ϕ,k − ϕ, klm∇
−2X , klm
) ]
, (56)
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where
A ≡∇2∇2χ
‖(2)
S 0 + 2∇
2δ
(2)
S 0 +
5τ 20
3
[
∇2ϕ∇2ϕ− ϕ, klϕ
,kl +∇2
(
ϕ, kϕ
,k −
4
3
ϕ∇2ϕ
)]
−
τ 40
12
[
∇2ϕ, k∇
2ϕ, k − ϕ, klmϕ
, klm +∇2
(
4
3
ϕ, klϕ
,kl +
2
3
∇2ϕ∇2ϕ
)]
+
9
τ 60
[
3∇−2X , klm∇−2X, klm − 3X
, kX, k −∇
2
(
4∇−2X , kl∇−2X, kl + 2X
2
) ]
+
10
τ 30
[
3ϕ, kl∇−2X, kl − 3ϕ∇
2X −∇2 (ϕX)
]
+
1
τ0
[
3ϕ, klm∇
−2X , klm − 3X, k∇
2ϕ,k − 2∇2
(
2ϕ,ij∇
−2X ,ij +X∇2ϕ
) ]
, (57)
which depends on the initial values at τ0. Thus, the scalar metric perturbation
Dijχ
||(2)
S is obtained,
Dijχ
‖(2)
S =
τ 4
84
Dij∇
−2
[20
3
ϕ,klϕ,kl − 2∇
2ϕ∇2ϕ+∇−2
(
7∇2ϕ,k∇2ϕ,k − 7ϕ
,klmϕ,klm
) ]
−
5τ 2
18
Dij
[
4ϕϕ+ 4∇−2
(
ϕ, kϕ
, k
)
+∇−2∇−2
(
6∇2ϕ∇2ϕ− 6ϕ, klϕ
, kl
) ]
+Dij∇
−2∇−2A+
τ 2
10
Dij∇
−2F
+
9
2τ 6
Dij
[
∇−2
(
5∇−2X, kl∇
−2X , kl −X2
)
+∇−2∇−2
(
6X ,kX,k − 6∇
−2X ,klm∇−2X,klm
) ]
+
6
τ 3
Dij
[
−∇−2 (Z + 5ϕX) +∇−2∇−2
(
5ϕ∇2X − 5ϕ, kl∇−2X,kl
) ]
+
1
τ
Dij
[
∇−2
(
2X∇2ϕ
)
+ 3∇−2∇−2
(
X, k∇
2ϕ,k − ϕ, klm∇
−2X , klm
) ]
,
(58)
which holds for general initial conditions at τ0. The solution (58) can be also
obtained by the traceless part of the evolution equation (44) together with the
momentum constraint (43).
4.3 Vector perturbation χ
⊥(2)
S ij
The time integration of the momentum constraint (43) from τ0 to τ yields
2φ
(2)
S,j +
1
3
∇2χ
‖(2)
S,j +
1
2
χ
⊥(2), i
Sij =
∫ τ
τ0
dτ ′MSj + 2φ
(2)
S0,j +
1
3
∇2χ
‖(2)
S0,j +
1
2
χ
⊥(2), i
S0ij , (59)
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where χ
⊥(2)
S0ij is the initial value of χ
⊥(2)
Sij at τ0. Plugging MSj of (29), φ
(2)
S of (54),
and χ
‖(2)
S of (56) into (59), one gets
χ
⊥(2) ,j
S ij =
10τ 2
9
[
− ϕ,i∇
2ϕ+ ∂i∇
−2
(
ϕ,k∇2ϕ,k +∇
2ϕ∇2ϕ
) ]
+
τ 4
18
[
ϕ,ki∇
2ϕ,k + ∂i∇
−2
(
−ϕ,kl∇2ϕ,kl −∇
2ϕ,k∇
2ϕ,k
) ]
+Gi
+
18
τ 6
[
X ,k∇−2X,ik + ∂i∇
−2
(
−X ,kl∇−2X,kl −X
,kX,k
)]
+
20
τ 3
[
− ϕ,iX − ϕ
, k∇−2X,ik + ∂i∇
−2
(
X∇2ϕ+ 2ϕ,kX
,k + ϕ, kl∇−2X,kl
)]
+
2
τ
[
3∇2ϕ,k∇−2X,ik − 2X
,kϕ,ik + 5ϕ
,kl∇−2X,kli
+ ∂i∇
−2
(
− 3∇2ϕ,kl∇−2X,kl −X,k∇
2ϕ,k − 3ϕ,klX,kl − 5ϕ
,klm∇−2X,klm
)]
,
(60)
where
Gi ≡χ
⊥(2) ,j
S0 ij +
10τ 20
9
[
ϕ,i∇
2ϕ+ ∂i∇
−2
(
−ϕ,k∇2ϕ,k −∇
2ϕ∇2ϕ
) ]
+
τ 40
18
[
− ϕ,ki∇
2ϕ,k + ∂i∇
−2
(
ϕ,kl∇2ϕ,kl +∇
2ϕ,k∇
2ϕ,k
) ]
+
18
τ 60
[
−X ,k∇−2X,ik + ∂i∇
−2
(
X ,kl∇−2X,kl +X
,kX,k
)]
+
20
τ 30
[
ϕ,iX + ϕ
, k∇−2X,ik + ∂i∇
−2
(
−X∇2ϕ− 2ϕ,kX
,k − ϕ, kl∇−2X,kl
)]
+
2
τ0
[
− 3∇2ϕ,k∇−2X,ik + 2X
,kϕ,ik − 5ϕ
,kl∇−2X,kli
+ ∂i∇
−2
(
3∇2ϕ,kl∇−2X,kl +X,k∇
2ϕ,k + 3ϕ,klX,kl + 5ϕ
,klm∇−2X,klm
)]
, (61)
depending on the initial values at τ0. To get χ
⊥(2)
S ij from Eq.(60), one need to remove
∂j. By writing χ
⊥(2)
Sij = ASi,j + ASj,i in terms of a 3-vector ASi as Eq.(12), Eq.(60)
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becomes an equation of ASi, whose solution is
ASi =
10τ 2
9
∇−2
[
− ϕ,i∇
2ϕ+ ∂i∇
−2
(
ϕ,k∇2ϕ,k +∇
2ϕ∇2ϕ
) ]
+
τ 4
18
∇−2
[
ϕ,ki∇
2ϕ,k + ∂i∇
−2
(
−ϕ,kl∇2ϕ,kl −∇
2ϕ,k∇
2ϕ,k
) ]
+∇−2Gi
+
18
τ 6
∇−2
[
X ,k∇−2X,ik + ∂i∇
−2
(
−X ,kl∇−2X,kl −X
,kX,k
)]
+
20
τ 3
∇−2
[
− ϕ,iX − ϕ
, k∇−2X,ik + ∂i∇
−2
(
X∇2ϕ+ 2ϕ,kX
,k + ϕ, kl∇−2X,kl
)]
+
2
τ
∇−2
[
3∇2ϕ,k∇−2X,ik − 2X
,kϕ,ik + 5ϕ
,kl∇−2X,kli
+ ∂i∇
−2
(
− 3∇2ϕ,kl∇−2X,kl −X,k∇
2ϕ,k − 3ϕ,klX,kl − 5ϕ
,klm∇−2X,klm
)]
.
(62)
Thus, the vector perturbation is obtained
χ
⊥(2)
Sij =
10τ 2
9
∇−2
[
− ∂i
(
ϕ,j∇
2ϕ
)
− ∂j
(
ϕ,i∇
2ϕ
)
+ ∂i∂j∇
−2
(
2ϕ,k∇2ϕ,k + 2∇
2ϕ∇2ϕ
) ]
+
τ 4
18
∇−2
[
∂i
(
ϕ,kj∇
2ϕ,k
)
+ ∂j
(
ϕ,ki∇
2ϕ,k
)
+ ∂i∂j∇
−2
(
−2ϕ,kl∇2ϕ,kl − 2∇
2ϕ,k∇
2ϕ,k
) ]
+∇−2(Gi,j +Gj,i)
+
18
τ 6
∇−2
[
∂i
(
X ,k∇−2X,jk
)
+ ∂j
(
X ,k∇−2X,ik
)
+ ∂i∂j∇
−2
(
− 2X ,kl∇−2X,kl − 2X
,kX,k
)]
+
20
τ 3
∇−2
[
∂i
(
− ϕ,jX − ϕ
, k∇−2X,jk
)
+ ∂j
(
− ϕ,iX − ϕ
, k∇−2X,ik
)
+ ∂i∂j∇
−2
(
2X∇2ϕ+ 4ϕ,kX
,k + 2ϕ, kl∇−2X,kl
)]
+
2
τ
∇−2
[
∂i
(
3∇2ϕ,k∇−2X,jk − 2X
,kϕ,jk + 5ϕ
,kl∇−2X,klj
)
+ ∂j
(
3∇2ϕ,k∇−2X,ik − 2X
,kϕ,ik + 5ϕ
,kl∇−2X,kli
)
+ ∂i∂j∇
−2
(
− 6∇2ϕ,kl∇−2X,kl − 2X,k∇
2ϕ,k − 6ϕ,klX,kl − 10ϕ
,klm∇−2X,klm
)]
.
(63)
As mentioned earlier, χ
⊥(2)
Sij has two polarizations, their solutions as above contain
two unknown functions in χ
⊥(2) ,j
S0 ij (x) with ∂
iχ
⊥(2) ,j
S0 ij = 0 through Gi as the initial
values. This is consistent since their initial first order time derivatives are fixed
via the momentum constraint. The solution (63) can be also derived from the
curl portion of the momentum constraint (43) itself without explicitly using the
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solutions φ
(2)
S of (54), and χ
‖(2)
S of (56). The result (63) tells us that the 2nd-order
vector perturbation is generated by the coupling of 1st-order scalar perturbations,
even though the 1st-order vector perturbation is absent.
4.4 Tensor perturbation χ
⊤(2)
S ij
Finally consider the traceless part of the evolution equation (44)
χ
⊤(2)′′
S ij +
4
τ
χ
⊤(2)′
S ij −∇
2χ
⊤(2)
S ij =2S¯S ij −
(
2Dijφ
(2)
S +
1
3
∇2Dijχ
||(2)
S
)
−
(
Dijχ
||(2)′′
S +
4
τ
Dijχ
||(2)′
S
)
−
(
χ
⊥(2)′′
S ij +
4
τ
χ
⊥(2)′
S ij
)
,
(64)
where S¯S ij ≡ SS ij −
1
3δijS
k
S k, explicitly given by
S¯Sij =τ
4
( 1
18
ϕ,k,ij∇
2ϕ,k −
1
18
ϕ,iklϕ
,kl
,j
)
+ τ 2
(8
3
ϕ,k,iϕ,kj −
22
9
ϕ,ij∇
2ϕ−
5
9
ϕ,kϕ
,k
,ij
)
−
100
9
ϕϕ,ij −
50
3
ϕ,iϕ,j
+ δij
[
τ 4
( 1
54
ϕ,klmϕ
,klm −
1
54
∇2ϕ,k∇
2ϕ,k
)
+ τ 2
(
−
8
9
ϕ,klϕ,kl +
22
27
∇2ϕ∇2ϕ+
5
27
ϕ,k∇
2ϕ,k
)
+
100
27
ϕ∇2ϕ+
50
9
ϕ,kϕ
,k
+
1
τ 8
(
54X2 − 108∇−2X,kl∇
−2X ,kl
)
+
1
τ 6
(
6∇−2X ,klm∇−2X,klm − 6X
,kX,k
)
+
1
τ 3
(28
3
X∇2ϕ−
16
3
ϕ,kl∇−2X,kl +
10
3
ϕ,kX,k
)
+
2
3τ
(
ϕ,klm∇
−2X ,klm −X,k∇
2ϕ,k
)]
+
1
τ 8
(
324∇−2X ,k,i ∇
−2X,kj − 162X∇
−2X,ij
)
+
1
τ 6
(
18X ,k∇−2X,kij
− 18∇−2X ,kl,i ∇
−2X,klj
)
+
1
τ 3
(
− 14ϕ,ijX − 14∇
2ϕ∇−2X,ij − 10ϕ
,k∇−2X,kij
+ 8ϕ,k,i∇
−2X,kj + 8ϕ
,k
,j∇
−2X,ki
)
+
1
τ
(
X ,kϕ,kij +∇
−2X,kij∇
2ϕ,k
− ϕ,klj∇
−2X ,kl,i − ϕ,kli∇
−2X ,kl,j
)
. (65)
One can substitute the known φ
(2)
S , Dijχ
||(2)
S , χ
⊥(2)
S ij into Eq.(64), and solve for χ
⊤(2)
S ij .
But the following calculation is simpler and will yield the same result. Applying
consecutively ∂i∂j, ∇−2∇−2, and Dij on (64) leads to
−
(
2Dijφ
(2)
S +
1
3
∇2Dijχ
||(2)
S
)
−
(
Dijχ
||(2)′′
S +
4
τ
Dijχ
||(2)′
S
)
= −3Dij∇
−2∇−2S¯ , klS kl ,
(66)
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Substituting Eq.(66) into the rhs of Eq.(64) gives
χ
⊤(2)′′
S ij +
4
τ
χ
⊤(2)′
S ij −∇
2χ
⊤(2)
S ij = 2S¯S ij−3Dij∇
−2∇−2S¯ , klS kl−
(
χ
⊥(2)′′
S ij +
4
τ
χ
⊥(2)′
S ij
)
. (67)
Applying ∂j to (67) and together with Eq.(12) leads to an equation of AS i as the
following
0 = 2S¯ ,jS ij − 2∇
−2S¯ , klS kl, i −∇
2
(
A
′′
S i +
4
τ
A
′
S i
)
. (68)
With the help of Eq.(68), one has
−
(
χ
⊥(2)′′
S ij +
4
τ
χ
⊥(2)′
S ij
)
=− ∂j
(
A
′′
S i +
4
τ
A
′
S i
)
− ∂i
(
A
′′
Sj +
4
τ
A
′
Sj
)
=− 2∇−2S¯ ,kS ki,j − 2∇
−2S¯ ,kS kj, i + 4∇
−2∇−2S¯ , klS kl, ij . (69)
Substituting (69) into the rhs of Eq.(67) yields the equation of 2nd-order tensor
perturbation
χ
⊤(2)′′
S ij +
4
τ
χ
⊤(2)′
S ij −∇
2χ
⊤(2)
S ij
= 2S¯S ij +∇
−2∇−2S¯ , klS kl, ij + δij∇
−2S¯ , klS kl − 2∇
−2S¯ ,kS ki,j − 2∇
−2S¯ ,kS kj, i . (70)
This is a second-order, hyperbolic differential wave equation with the source con-
structed from S¯S ij. Substituting (65) into the rhs of (70) and regrouping by powers
of τ , one obtains the equation
χ
⊤(2)′′
S ij +
4
τ
χ
⊤(2)′
S ij −∇
2χ
⊤(2)
S ij = B1 ij+τ
2B2 ij+τ
4B3 ij+
B4 ij
τ 8
+
B5 ij
τ 6
+
B6 ij
τ 3
+
B7 ij
τ
, (71)
where
B1 ij =δij∇
−2
(50
9
ϕ, klϕ
, kl −
50
9
∇2ϕ∇2ϕ
)
+∇−2
(200
9
ϕ,ij∇
2ϕ−
200
9
ϕ,kiϕ
,k
,j
)
+∇−2∇−2∂i∂j
(50
9
ϕ,klϕ,kl −
50
9
∇2ϕ∇2ϕ
)
(72)
B2 ij =δij
[11
9
∇2ϕ∇2ϕ−
11
9
ϕ,klϕ,kl +∇
−2
(7
9
∇2ϕ, k∇
2ϕ, k −
7
9
ϕ, klmϕ
, klm
)]
+
44
9
ϕ,k,iϕ,kj −
44
9
ϕ,ij∇
2ϕ+∇−2
(28
9
ϕ, kliϕ
, kl
,j −
28
9
ϕ,kij∇
2ϕ,k
)
+∇−2∇−2∂i∂j
(7
9
∇2ϕ,k∇
2ϕ,k −
7
9
ϕ,klmϕ,klm
)
+∇−2∂i∂j
(11
9
∇2ϕ∇2ϕ−
11
9
ϕ, klϕ
, kl
)
, (73)
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B3 ij =δij
( 1
36
ϕ,klmϕ
,klm −
1
36
∇2ϕ,k∇
2ϕ,k
)
+
1
9
ϕ,k,ij∇
2ϕ,k −
1
9
ϕ,iklϕ
,kl
,j
+∇−2∂i∂j
( 1
36
ϕ, klmϕ
, klm −
1
36
∇2ϕ, k∇
2ϕ, k
)
. (74)
B4 ij =δij
[
81X2 − 162∇−2X,kl∇
−2X ,kl +∇−2
(
162X ,kl∇−2X,kl + 162X
,kX,k
)]
− 324X∇−2X,ij + 648∇
−2X ,k,i ∇
−2X,kj
−∇−2∂i
(
324X ,k∇−2X,kj
)
−∇−2∂j
(
324X ,k∇−2X,ki
)
+∇−2∂i∂j
(
81X2 − 162∇−2X ,kl∇−2X,kl
)
+∇−2∇−2∂i∂j
(
162X ,kl∇−2X,kl + 162X
,kX,k
)
. (75)
B5 ij =δij
[
− 9X ,kX,k + 9∇
−2X ,klm∇−2X,klm
]
+ 36X ,k∇−2X,kij − 36∇
−2X ,kl,i ∇
−2X,klj
+∇−2∂i∂j
(
− 9X ,kX,k + 9∇
−2X ,klm∇−2X,klm
)
. (76)
B6 ij =δij
[
14X∇2ϕ− 14ϕ,kl∇−2X,kl +∇
−2
(
2ϕ,klm∇−2X,klm − 2X,k∇
2ϕ,k
)]
− 28ϕ,ijX − 28∇
2ϕ∇−2X,ij − 20ϕ
,k∇−2X,kij + 16ϕ
,k
,i∇
−2X,kj + 16ϕ
,k
,j∇
−2X,ki
+∇−2∂i
(
− 8ϕ,k,jX,k + 12∇
2ϕ,k∇−2X,kj + 20ϕ
,kl∇−2X,klj
)
+∇−2∂j
(
− 8ϕ,k,iX,k + 12∇
2ϕ,k∇−2X,ki + 20ϕ
,kl∇−2X,kli
)
+∇−2∂i∂j
(
14X∇2ϕ− 14ϕ,kl∇−2X,kl + 20ϕ
,kX,k
)
+∇−2∇−2∂i∂j
(
2ϕ,klm∇−2X,klm − 2X,k∇
2ϕ,k
)
. (77)
B7 ij =δij
[
−X,k∇
2ϕ,k + ϕ,klm∇
−2X ,klm
]
+ 2X ,kϕ,kij + 2∇
−2X,kij∇
2ϕ,k − 2ϕ,klj∇
−2X ,kl,i − 2ϕ,kli∇
−2X ,kl,j
+∇−2∂i∂j
(
−X ,k∇2ϕ,k + ϕ,klm∇
−2X ,klm
)
. (78)
The solution of Eq.(71) is
χ
⊤(2)
Sij =
1
(2π)3/2
∫
d3keik·x
[
y¯ij(k, τ) +
∑
s=+,×
s
ǫij(k)
s
hk(τ)
]
, (79)
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where
y¯ij =
B¯1 ij
k2
−
10B¯2 ij
k4
+
280B¯3 ij
k6
+ τ 2
B¯2 ij
k2
− τ 2
28B¯3 ij
k4
+ τ 4
B¯3 ij
k2
+
(k cos(kτ)B¯5 ij
8τ 3
−
k3 cos(kτ)B¯4 ij
144τ 3
+
k2 sin(kτ)B¯5 ij
8τ 2
−
k4 sin(kτ)B¯4 ij
144τ 2
)(∫ kτ
0
sin s
s
ds
)
+
(k sin(kτ)B¯5 ij
8τ 3
−
k3 sin(kτ)B¯4 ij
144τ 3
−
k2 cos(kτ)B¯5 ij
8τ 2
+
k4 cos(kτ)B¯4 ij
144τ 2
)(∫ +∞
kτ
cos s
s
ds
)
+
B¯4 ij
18τ 6
+
B¯5 ij
4τ 4
−
k2B¯4 ij
72τ 4
+
2B¯7 ij
k4τ 3
+
B¯6 ij
k2τ 3
+
B¯7 ij
k2τ
, (80)
B¯1 ij, B¯2 ij, B¯3 ij, B¯4 ij, B¯5 ij, B¯6 ij, B¯7 ij are the Fourier components of B1 ij, B2 ij,
B3 ij, B4 ij, B5 ij, B6 ij, B7 ij respectively, and the term
∑
s
s
ǫij
s
hk in (79) is a 2nd-
order homogeneous solution similar to (18) and (19), whose coefficients
s
d1,
s
d2 are
to be determined by the initial condition of 2nd-order RGW. Using the relation
1
(2π)3/2
∫
d3keik·x
1
k2
B¯1ij = −∇
−2B1ij (81)
and the like, the solution (79) is written as
χ
⊤(2)
Sij =−∇
−2B1 ij − 10∇
−2∇−2B2 ij − 280∇
−2∇−2∇−2B3 ij
− τ 2∇−2B2 ij − 28τ
2∇−2∇−2B3 ij − τ
4∇−2B3 ij
+
B4 ij
18τ 6
+
B5 ij
4τ 4
+
∇2B4 ij
72τ 4
+
2∇−2∇−2B7 ij
τ 3
−
∇−2B6 ij
τ 3
−
∇−2B7 ij
τ
+
1
(2π)3/2
∫
d3keik·x
[(k cos(kτ)B¯5 ij
8τ 3
−
k3 cos(kτ)B¯4 ij
144τ 3
+
k2 sin(kτ)B¯5 ij
8τ 2
−
k4 sin(kτ)B¯4 ij
144τ 2
)(∫ kτ
0
sin s
s
ds
)
+
(k sin(kτ)B¯5 ij
8τ 3
−
k3 sin(kτ)B¯4 ij
144τ 3
−
k2 cos(kτ)B¯5 ij
8τ 2
+
k4 cos(kτ)B¯4 ij
144τ 2
)(∫ +∞
kτ
cos s
s
ds
)
+
∑
s=+,×
s
ǫij(k)
s
hk(τ)
]
. (82)
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Plugging (75)-(78) into Eq.(82), we obtain the solution of 2nd-order tensor pertur-
bation:
χ
⊤(2)
Sij = +
[20
3
δij∇
−2∇−2(ϕ, klϕ
, kl −∇2ϕ∇2ϕ) +
80
3
∇−2∇−2(ϕ,ij∇
2ϕ− ϕ,k,iϕ,kj)
+
20
3
∇−2∇−2∇−2∂i∂j(ϕ, klϕ
, kl −∇2ϕ∇2ϕ)
]
+ τ 2
[11
9
δij∇
−2(ϕ,klϕ,kl −∇
2ϕ∇2ϕ) +
44
9
∇−2(ϕ,ij∇
2ϕ− ϕ,k,iϕ,kj)
+
11
9
∇−2∇−2∂i∂j(ϕ, klϕ
, kl −∇2ϕ∇2ϕ)
]
+ τ 4
[
δij∇
−2(−
1
36
ϕ,klmϕ
,klm +
1
36
∇2ϕ,k∇
2ϕ,k) +
1
9
∇−2(ϕ,iklϕ
,kl
,j − ϕ
,k
,ij∇
2ϕ,k)
+
1
36
∇−2∇−2∂i∂j(∇
2ϕ, k∇
2ϕ, k − ϕ, klmϕ
, klm)
]
+
9
2τ 6
[
δij
(
X2 − 2∇−2X,kl∇
−2X ,kl +∇−2(2X ,kl∇−2X,kl + 2X
,kX,k)
)
− 4X∇−2X,ij + 8∇
−2X ,k,i ∇
−2X,kj −∇
−2∂i
(
4X ,k∇−2X,kj
)
−∇−2∂j
(
4X ,k∇−2X,ki
)
+∇−2∂i∂j
(
X2 − 2∇−2X ,kl∇−2X,kl
)
+∇−2∇−2∂i∂j
(
2X ,kl∇−2X,kl + 2X
,kX,k
)]
+
9
8τ 4
[
δij∇
2
(
X2 −∇−2X ,kl∇−2X,kl
)
+ ∂i∂j
(
X2 −∇−2X ,kl∇−2X,kl
)
+∇2
(
4∇−2X ,k,i ∇
−2X,kj − 4X∇
−2X,ij
)]
+
7
τ 3
[
δij∇
−2
(
2ϕ,kl∇−2X,kl − 2X∇
2ϕ
)
+∇−2∇−2∂i∂j
(
− 2X∇2ϕ + 2ϕ,kl∇−2X,kl
)
+∇−2
(
4ϕ,ijX + 4∇
2ϕ∇−2X,ij − 4ϕ
,k
,i∇
−2X,kj − 4ϕ
,k
,j∇
−2X,ki
)]
+
1
τ
[
δij∇
−2
(
X,k∇
2ϕ,k − ϕ,klm∇
−2X ,klm
)
+∇−2∇−2∂i∂j
(
X ,k∇2ϕ,k − ϕ,klm∇
−2X ,klm
)
+∇−2
(
− 2X ,kϕ,kij − 2∇
−2X,kij∇
2ϕ,k + 2ϕ,klj∇
−2X ,kl,i + 2ϕ,kli∇
−2X ,kl,j
)]
+
1
(2π)3/2
∫
d3keik·x
[(k cos(kτ)B¯5 ij
8τ 3
−
k3 cos(kτ)B¯4 ij
144τ 3
+
k2 sin(kτ)B¯5 ij
8τ 2
−
k4 sin(kτ)B¯4 ij
144τ 2
)(∫ kτ
0
sin s
s
ds
)
+
(k sin(kτ)B¯5 ij
8τ 3
−
k3 sin(kτ)B¯4 ij
144τ 3
−
k2 cos(kτ)B¯5 ij
8τ 2
+
k4 cos(kτ)B¯4 ij
144τ 2
)(∫ +∞
kτ
cos s
s
ds
)
+
∑
s=+,×
s
ǫij(k)
s
hk(τ)
]
. (83)
Let us examine the traceless metric perturbation given by Eq.(4.33) in Ref. [51]
22
as the following
χ
(2)
Sij = πSij +
5τ 2
9
(−6ϕ,iϕ,j − 4ϕϕ,ij + 2δijϕ,kϕ
,k +
4
3
δijϕ∇
2ϕ)
+
τ 4
126
(19ϕ,k,iϕ,jk − 12ϕ,ij∇
2ϕ+ 4(∇2ϕ)2δij −
19
3
δijϕ
,klϕ,kl) (84)
due to the scalar-scalar coupling, where πSij is the tensor given by (4.37) in Ref. [51].
(84) contains the growing modes only, which correspond to the case X = 0. We
notice that the last two terms on the rhs of (84) still contain a tensor portion
beside πSij. Now we can decompose Eq.(84) into the scalar, vector, and tensor:
χ
(2)
Sij = Dijχ
||(2)
S + χ
⊥(2)
Sij + χ
⊤(2)
Sij . By calculation, we find that the scalar Dijχ
||(2)
S
is just the expression of Eq.(58) (with X = 0, δ
(2)
S 0, φ
(2)
S 0, χ
‖(2)
S 0 = 0 at τ0 = 0), the
vector χ
⊥(2)
S ij is just the expression of Eq.(63) (with X = 0, χ
⊥(2)
S0 ij = 0 at τ0 = 0),
and the tensor is
χ
⊤(2)
S ij =πSij +
5τ 2
9
[
δij∇
−2(ϕ,klϕ
,kl −∇2ϕ∇2ϕ)− 2ϕ,iϕ,j + ∂i∇
−2(2ϕ,j∇
2ϕ)
+ ∂j∇
−2(2ϕ,i∇
2ϕ)− ∂i∂j∇
−2∇−2(∇2ϕ∇2ϕ− ϕ,klϕ
,kl)
]
+
τ 4
252
[
δij
(
6∇2ϕ∇2ϕ− 6ϕ,klϕ,kl +∇
−2(7∇2ϕ,k∇
2ϕ,k − 7ϕ,klmϕ
,klm)
)
+ 38ϕ,k,iϕ,jk − 24ϕ,ij∇
2ϕ− ∂i∇
−2(14ϕ,jk∇
2ϕ,k)− ∂j∇
−2(14ϕ,ik∇
2ϕ,k)
+ ∂i∂j∇
−2(6∇2ϕ∇2ϕ− 6ϕ,klϕ,kl)
+ ∂i∂j∇
−2∇−2(−7ϕ,klmϕ
,klm + 7∇2ϕ,k∇
2ϕ,k)
]
. (85)
The expression πSij in Ref. [51] can be written as the following
πSij =
20
3
δij∇
−2∇−2(ϕ,klϕ
,kl −∇2ϕ∇2ϕ) +
20
3
∂i∂j∇
−2∇−2∇−2(ϕ,klϕ
,kl −∇2ϕ∇2ϕ)
+
80
3
∇−2∇−2(ϕ,ij∇
2ϕ− ϕ,ikϕ
,k
,j ) + τ
2
[2
3
δij∇
−2(ϕ,klϕ
,kl −∇2ϕ∇2ϕ)
+
2
3
∂i∂j∇
−2∇−2(ϕ,klϕ
,kl −∇2ϕ∇2ϕ) +
8
3
∇−2(ϕ,ij∇
2ϕ− ϕ,ikϕ
,k
,j )
]
+ τ 4
[ 1
42
δij(ϕ,klϕ
,kl −∇2ϕ∇2ϕ) +
1
42
∂i∂j∇
−2(ϕ,klϕ
,kl −∇2ϕ∇2ϕ)
+
2
21
(ϕ,ij∇
2ϕ− ϕ,ikϕ
,k
,j )
]
+
1
(2π)3/2
∫
d3keik·x
[ ∑
s=+,×
s
ǫij(k)
s
hk(τ)
]
. (86)
(Notice that the term containing j1(kτ)/kτ in (4.38) of Ref. [51] can be absorbed
in the homogenous solution.) Substituting (86) into (85) recovers our solution (83)
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of the case of X = 0. Thus, we have proven that, the solution (83) is the full
expression of tensor, whereas πSij is only a portion of tensor.
We can also derive the 2nd-order density contrast in terms of gravitational
potential. Substituting the 1st order of (17) and (20) and the 2nd orders of (9)
and (54) into Eq.(A.29) in Appendix A yields
δ
(2)
S =
τ 4
126
(
5∇2ϕ∇2ϕ+ 2ϕ,kiϕ
,ki
)
+
τ 2
18
(
40ϕ∇2ϕ+ 15ϕ, kϕ
, k
)
−
τ 2
20
F
+
9
4τ 6
(3∇−2X,kl∇
−2X ,kl + 5X2) +
3
τ 3
Z +
20
τ 3
ϕX +
2
τ
ϕ,kl∇
−2X ,kl . (87)
This extends (4.39) of Ref. [51] to general initial conditions δ
(2)
S 0, φ
(2)
S 0, χ
||(2)
S 0 through
Z and F .
So far, the solutions of the 2nd-order scalar, vector, and tensor metric perturba-
tions, as well as the 2nd-order density contrast, have been obtained. However, in
synchronous coordinates, there are still residual gauge transformations, and, cor-
respondingly, the solutions will contain 2nd-order residual gauge modes. In regard
to applications, one must find out these 2nd-order gauge modes. We shall address
this issue in the next section.
5 The 2nd-order residual gauge transformations in synchronous coor-
dinates
The general 2nd-order gauge transformations of metric perturbations are generated
by a 1st-order vector field ξ(1)µ and a 2nd-order vector field ξ(2)µ, which are specified
by Eqs.(C.1)-(C.18) in Appendix C.
Consider the special case from synchronous-to-synchronous for the dust model
with a(τ) ∝ τ 2 in this section. The 1st-order vector field ξ(1)µ is listed in (C.17),
(C.26), (C.27), and (C.28), and the 1st-order gauge transformation of metric per-
turbations is listed in (C.25) (C.29) (C.30) in Appendix C. We shall give the
corresponding 2nd-order ones for the case of scalar-scalar coupling. From the gen-
eral formulas (C.43), (C.48), and (C.49) for the case a ∝ τ 2, we get the 2nd-order
vector field ξ(2)µ in the presence of ξ(1)µ as the following
α(2) =
A(2)(x)
τ 2
, (88)
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β(2) =∇−2
[
−
20
3τ
ϕ,kA
(1)
,k −
20
3τ
ϕ∇2A(1) +
2τ
3
A(1),k∇2ϕ,k +
2τ
3
ϕ,klA
(1),kl
−
2
τ
A(1),k∇2C
||(1)
,k −
2
τ
C
||(1)
,kl A
(1),kl −
3
τ 4
A
(1)
,k X
,k −
3
τ 4
A(1), kl∇−2X,kl
]
−
1
2τ 4
A(1)A(1) +
1
2τ 2
A
(1)
,k A
(1),k −
1
τ
A(2) + C ||(2) , (89)
d
(2)
i =∂i∇
−2
[ 3
τ 4
A
(1)
,k X
,k +
3
τ 4
A(1), kl∇−2X,kl +
20
3τ
ϕ,kA
(1)
,k +
20
3τ
ϕ∇2A(1)
−
2τ
3
A(1),k∇2ϕ,k −
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3
ϕ,klA
(1),kl +
2
τ
A(1),k∇2C
||(1)
,k +
2
τ
C
||(1)
,kl A
(1),kl
]
−
3
τ 4
A(1),k∇−2X,ki −
2
τ
[
10
3
ϕA
(1)
, i + C
||(1)
, ik A
(1), k
]
+
2τ
3
ϕ, ikA
(1), k + C
⊥(2)
i .
(90)
where the solutions (14) and (15) of scalar perturbations have been used, and
the χ
⊤(1)
ij -dependent parts have been dropped as they belong to the scalar-tensor
coupling. In the above, A(1)(x) is an arbitrary function, and C
(1)
i (x) is an arbitrary
3-vector which can be written into two parts: C
(1)
i = C
‖(1)
,i +C
⊥(1)
i , with C
‖(1)
,i being
the longitudinal part and C
⊥(1)
i the transverse part. See Eq.(C.21) and Eq.(C.22)
in Appendix C. Similar for A(2)(x) and C
(2)
i (x). The expressions of components of
ξ(2)µ in (89) (90) are rather lengthy as they involve the complicated functions of
the 1st-order metric perturbations and components of ξ(1)µ. This complication of
ξ(2)µ is caused by the requirement g¯
(2)
0i = 0 in the presence of ξ
(1)µ. The general
formulas (C.50), (C.56), (C.57), and (C.58), follow the required residual gauge
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transformations of 2nd-order metric perturbations in the Einstein-de Sitter model
φ¯
(2)
S =φ
(2)
S −
2
τ 6
[
XA(1) +A(1)A(1)
]
+
1
τ 4
[
A
(1)
,k X
,k + 3A(1), kl∇−2X,kl
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5
3
A
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, k A
(1),k
]
+
1
τ 3
[
− 2X, kC
||(1),k − 4C ||(1), kl∇−2X,kl
−
40
3
ϕA(1) −
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3
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(1)
, k C
||(1),k
]
−
1
3τ 2
A
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,klA
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+
1
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−
2
3
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9
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(1)
,k
−
1
3
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3
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]
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−
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9
ϕ∇2C ||(1) −
10
3
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3
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3
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]
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3
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9
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9
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τ 3
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1
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1
3
∇2C ||(2), (91)
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Dijχ¯
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||(2) (92)
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χ¯
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28
χ¯
⊤(2)
S ij = χ
⊤(2)
S ij +
1
τ 6
[
12A(1)∇−2X,ij + δij∇
−2
(
6A(1),kl∇−2X,kl − 6X∇
2A(1)
)
+ 12∂i∇
−2
(
A
(1)
,j X
− A(1),k∇−2X,kj
)
+ 12∂j∇
−2
(
A
(1)
,i X −A
(1),k∇−2X,ki
)
− ∂i∂j∇
−2
(
12A(1)X
)
+ 6∂i∂j∇
−2∇−2
(
A(1),kl∇−2X,kl −X∇
2A(1)
)]
+
1
τ 4
[
8A
(1)
,ijX + 12A
(1), k∇−2X,kij
+ δij∇
−2
(
6A(1),klm∇−2X,klm − 6X,k∇
2A(1),k
)
+ 8∇−2
(
X ,k,i A
(1)
, kj +X
,k
,jA
(1)
, ki −X,ij∇
2A(1)
− A
(1)
,ij∇
2X
)
+ 4∂i∇
−2
(
3A
(1),kl
,j ∇
−2X,kl −X,kjA
(1),k − 2X∇2A
(1)
,j
)
+ 4∂j∇
−2
(
3A
(1),kl
,i ∇
−2X,kl
−X,kiA
(1), k − 2X∇2A
(1)
,i
)
+ 4∂i∂j∇
−2
(
2X∇2A(1) −X,kA
(1),k − 6A(1), kl∇−2X,kl
)
+ 6∂i∂j∇
−2∇−2
(
A(1),klm∇−2X,klm −X,k∇
2A(1),k
)
− 7∇−2
(
− 4A
(1),k
,i A
(1)
,jk + 4A
(1)
,ij∇
2A(1)
+ A(1),klA
(1)
,kl δij −∇
2A(1)∇2A(1)δij
)
− 7∂i∂j∇
−2∇−2
(
A(1),klA
(1)
,kl −∇
2A(1)∇2A(1)
)]
+
1
τ 3
[
− 8C
||(1)
,ij X − 12C
||(1), k∇−2X,kij + δij∇
−2
(
6X,k∇
2C ||(1), k − 6C ||(1),klm∇−2X,klm
)
+ 8∇−2
(
X,ij∇
2C ||(1) + C
||(1)
,ij ∇
2X −X ,k,i C
||(1)
, kj −X
,k
,j C
||(1)
, ki
)
+ 4∂i∇
−2
(
X,kjC
||(1),k + 2X∇2C
||(1)
,j
− 3C
||(1),kl
,j ∇
−2X,kl
)
+ 4∂j∇
−2
(
X,kiC
||(1),k + 2X∇2C
||(1)
,i − 3C
||(1),kl
,i ∇
−2X,kl
)
+ 4∂i∂j∇
−2
(
X,kC
||(1),k − 2X∇2C ||(1) + 6C ||(1),kl∇−2X,kl
)
+ 6∂i∂j∇
−2∇−2
(
X,k∇
2C ||(1), k
− C ||(1),klm∇−2X,klm
)
+ 8∇−2
(
− 2A
(1),k
,j C
||(1)
,ik − 2A
(1),k
,i C
||(1)
,jk + 2C
||(1)
,ij ∇
2A(1) + 2A
(1)
,ij∇
2C ||(1)
+ A(1),klC
||(1)
,kl δij −∇
2A(1)∇2C ||(1)δij
)
+ 8∂i∂j∇
−2∇−2
(
A(1),klC
||(1)
,kl −∇
2A(1)∇2C ||(1)
)]
+
1
τ 2
[
∇−2
(
4A
(1),kl
,i A
(1)
,jkl − 4A
(1)
,ijk∇
2A(1),k − A(1),klmA
(1)
,klmδij +∇
2A
(1)
,k ∇
2A(1),kδij
)
+ ∂i∂j∇
−2∇−2
(
− A(1),klmA
(1)
,klm +∇
2A
(1)
,k ∇
2A(1),k
)]
+
1
τ
∇−2
[
2
(
6ϕ,k,jA
(1)
,ik + 6ϕ
,k
,iA
(1)
,jk
− 6A
(1)
,ij∇
2ϕ− 6ϕ,ij∇
2A(1) − 3A(1),klϕ,klδij + 3∇
2A(1)∇2ϕδij − 2A
(1),kl
,j C
||(1)
,ikl − 2A
(1),kl
,i C
||(1)
,jkl
+ 2C
||(1)
,ijk ∇
2A(1),k + 2A
(1)
,ijk∇
2C ||(1),k + A(1),klmC
||(1)
,klmδij −∇
2A
(1)
,k ∇
2C ||(1),kδij
)
+ 2∂i∂j∇
−2
(
− 3A(1),klϕ,kl + 3∇
2A(1)∇2ϕ+ A(1),klmC
||(1)
,klm −∇
2A
(1)
,k ∇
2C ||(1),k
)]
+
[
∇−2
(
−
40
3
ϕ,k,jC
||(1)
,ik −
40
3
ϕ,k,iC
||(1)
,jk +
40
3
C
||(1)
,ij ∇
2ϕ+
40
3
ϕ,ij∇
2C ||(1) +
20
3
ϕ,klC
||(1)
,kl δij
−
20
3
∇2ϕ∇2C ||(1)δij + 4C
||(1),kl
,j C
||(1)
,ikl − 4C
||(1)
,ijk ∇
2C ||(1),k − C ||(1),klmC
||(1)
,klmδij
+∇2C ||(1),k∇2C
||(1)
,k δij
)
+ ∂i∂j∇
−2∇−2
(20
3
ϕ,klC
||(1)
,kl −
20
3
∇2ϕ∇2C ||(1) +∇2C ||(1),k∇2C
||(1)
,k
− C ||(1),klmC
||(1)
,klm
)]
+ τ
[
∇−2
(
−
2
3
A
(1),kl
,j ϕ,ikl −
2
3
A
(1),kl
,i ϕ,jkl +
2
3
A
(1)
,ijk∇
2ϕ,k +
2
3
ϕ,ijk∇
2A(1),k
+
1
3
A(1),klmϕ,klmδij −
1
3
∇2A(1),k∇2ϕ,kδij
)
+ ∂i∂j∇
−2∇−2
(
−
1
3
∇2A(1),k∇2ϕ,k +
1
3
A(1),klmϕ,klm
)]
+ τ 2
[
∇−2
(2
3
ϕ,kl,j C
||(1)
,ikl +
2
3
ϕ,kl,i C
||(1)
,jkl −
2
3
C
||(1)
,ijk ∇
2ϕ,k −
2
3
ϕ,ijk∇
2C ||(1),k −
1
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1
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1
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. (94)
The transformation formulas (91)–(94) are lengthy because of those terms brought
about by ξ(1)µ. Eq.(94) tells us that the transformation of 2nd order tensor involves
only ξ(1)µ, independent of the 2nd-order vector field ξ(2)µ.
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The synchronous-to-synchronous transformation of 2nd-order density perturba-
tion is derived by applying (C.5) to the 2nd order T
(2)
00 ,
T¯
(2)
00 = T
(2)
00 − 2Lξ(1)T
(1)
00 + Lξ(1)
(
Lξ(1)T
(0)
00
)
− Lξ(2)T
(0)
00 . (95)
Up to the 2nd order, one calculates T
(2)
00 = ρ
(2)a2, U¯
(2)
0 = −
A(1),iA
(1)
,i
τ2 , T¯
(2)
00 = a
2ρ¯(2) +
2ρ(0)A(1),iA
(1)
,i . Plugging these into (95) leads to the result
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S =ρ
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+ 54ρ(0)
A(1)A(1)
τ 6
− 6ρ(0)
A
(1)
, k
τ 3
(
−
A(1),k
τ
+ C ||(1),k
)
+ 6ρ(0)
A(2)
τ 3
, (96)
This result can be also derived by applying (C.10) to ρ(2) as a scalar function,
ρ¯(2) = ρ(2) − 2Lξ(1)ρ
(1) + Lξ(1)
(
Lξ(1)ρ
(0)
)
−Lξ(2)ρ
(0). (97)
(96) is also written in terms of the density contrast
δ¯
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S =δ
(2)
S +
(
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δ(1) − 2δ
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)
A(1)
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− 6
A
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, k
τ 3
(
−
A(1), k
τ
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)
+ 6
A(2)
τ 3
. (98)
So far in this paper, the perturbations of 4-velocity are taken to be zero, U (1)µ =
U (2)µ = 0, for the dust model. When one also requires in the new synchronous
coordinate x¯µ the transformed 3-velocity is zero U¯ (1)i = 0, [42], one gets an extra
constraint on the transformation vector field
A(1)(x),i = 0, (99)
i.e, A(1) = const. [See Eq.(C.35) in Appendix C]
When one further requires the transformed 2nd-order perturbed velocity U¯ (2)i =
0 by using (C.14), this leads to Lξ(2)U
(0)i = 0, which gives another constraint
A(2)(x),i = 0, (100)
i.e, A(2) = const. Under the condition (99) and (100), the components of ξ(2)µ in
(88), (89), and (90) are much simplified as the following
α(2) =
A(2)
τ 2
, (101)
β(2) =−
1
2τ 4
A(1)A(1) −
1
τ
A(2) + C ||(2)(x) , (102)
d
(2)
i =C
⊥(2)
i (x), (103)
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and (91) (92), (93), and (94) substantially reduce to
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2C ||(1),k
)
+∇−2∇−2
(
− 20∇2ϕ∇2C ||(1) + 20ϕ,klC
||(1)
,kl + 3∇
2C
||(1)
,k ∇
2C ||(1),k
− 3C ||(1),klmC
||(1)
,klm
)]
+ τ 2Dij
[2
3
C ||(1),kϕ, k −∇
−2
(2
3
ϕ,k∇2C
||(1)
,k
)
+∇−2∇−2
(
− ϕ,klmC
||(1)
,klm +∇
2ϕ,k∇2C
||(1)
,k
)]
− 2DijC
||(2), (105)
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χ¯
⊥(2)
S ij = χ
⊥(2)
S ij +
1
τ 3
[
∂i∇
−2
(
12C ||(1),kl∇−2X,klj + 12∇
−2X,kj∇
2C ||(1), k
)
+ ∂i∂j∇
−2
(
12C ||(1),kl∇−2X,kl − 12X,kC
||(1), k
)
+ ∂i∂j∇
−2∇−2
(
12C ||(1),k∇2X,k − 24∇
−2X,kl∇
2C ||(1), kl
− 36C ||(1),klm∇−2X,klm
)]
+
[
2∂j∇
−2
(20
3
ϕ,kC
||(1)
,ik −
20
3
ϕ,i∇
2C ||(1) − C ||(1),klC
||(1)
,ikl + C
||(1)
,ik ∇
2C ||(1),k
)
+ 2∂i∂j∇
−2∇−2
(
−
20
3
ϕ,klC
||(1)
,kl +
20
3
∇2ϕ∇2C ||(1) + C ||(1),klmC
||(1)
,klm
−∇2C ||(1),k∇2C
||(1)
,k
)]
+
2
3
τ 2
[
∂j∇
−2
(
ϕ,ik∇
2C ||(1),k − ϕ,klC
||(1)
,ikl
)
+ ∂i∂j∇
−2∇−2
(
ϕ,klmC
||(1)
,klm −∇
2ϕ,k∇2C
||(1)
,k
)]
− C
⊥(2)
i,j
+
(
i↔ j
)
(106)
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χ¯
⊤(2)
S ij = χ
⊤(2)
S ij +
1
τ 6
[
12A(1)∇−2X,ij − ∂i∂j∇
−2
(
12A(1)X
)]
+
1
τ 3
[
− 8C
||(1)
,ij X − 12C
||(1), k∇−2X,kij
+ δij∇
−2
(
6X,k∇
2C ||(1), k − 6C ||(1),klm∇−2X,klm
)
+ 8∇−2
(
X,ij∇
2C ||(1) + C
||(1)
,ij ∇
2X −X ,k,i C
||(1)
, kj −X
,k
,j C
||(1)
, ki
)
+ 4∂i∇
−2
(
X,kjC
||(1),k + 2X∇2C
||(1)
,j − 3C
||(1),kl
,j ∇
−2X,kl
)
+ 4∂j∇
−2
(
X,kiC
||(1),k + 2X∇2C
||(1)
,i − 3C
||(1),kl
,i ∇
−2X,kl
)
+ 4∂i∂j∇
−2
(
X,kC
||(1),k − 2X∇2C ||(1) + 6C ||(1),kl∇−2X,kl
)
+ 6∂i∂j∇
−2∇−2
(
X,k∇
2C ||(1), k − C ||(1),klm∇−2X,klm
)]
+
[
∇−2
(
−
40
3
ϕ,k,jC
||(1)
,ik −
40
3
ϕ,k,iC
||(1)
,jk +
40
3
C
||(1)
,ij ∇
2ϕ+
40
3
ϕ,ij∇
2C ||(1)
+
20
3
ϕ,klC
||(1)
,kl δij −
20
3
∇2ϕ∇2C ||(1)δij + 4C
||(1),kl
,j C
||(1)
,ikl − 4C
||(1)
,ijk∇
2C ||(1),k
− C ||(1),klmC
||(1)
,klmδij +∇
2C ||(1),k∇2C
||(1)
,k δij
)
+ ∂i∂j∇
−2∇−2
(
−
20
3
∇2ϕ∇2C ||(1) +
20
3
ϕ,klC
||(1)
,kl +∇
2C ||(1),k∇2C
||(1)
,k
− C ||(1),klmC
||(1)
,klm
)]
+ τ 2
[
∇−2
(2
3
ϕ,kl,j C
||(1)
,ikl +
2
3
ϕ,kl,i C
||(1)
,jkl −
2
3
C
||(1)
,ijk ∇
2ϕ,k
−
2
3
ϕ,ijk∇
2C ||(1),k −
1
3
ϕ,klmC
||(1)
,klmδij +
1
3
∇2ϕ,k∇2C
||(1)
,k δij
)
+
1
3
∂i∂j∇
−2∇−2
(
− ϕ,klmC
||(1)
,klm +∇
2ϕ,k∇2C
||(1)
,k
)]
, (107)
and Eq.(96) and Eq.(98) reduce to
ρ¯
(2)
S =ρ
(2)
S − 2ρ
(1)′A
(1)
τ 2
− 2ρ
(1)
,k C
||(1),k + 54
A(1)A(1)
τ 6
ρ(0) + 6
A(2)
τ 3
ρ(0) . (108)
δ¯
(2)
S = δ
(2)
S + (
12
τ
δ(1) − 2δ
(1)
, 0 )
A(1)
τ 2
− 2δ
(1)
, k C
||(1),k + 54
A(1)A(1)
τ 6
+ 6
A(2)
τ 3
. (109)
The above results of synchronous-to-synchronous transformations are general
ones, in the sense that two vector fields ξ(1)µ and ξ(2)µ are involved simultane-
ously. However, in applications, certain distinctions should be made in regard to
transformations due to ξ(1)µ and ξ(2)µ. If one sets ξ(2)µ = 0 [46, 57], only ξ(1)µ
remains, which ensures g¯
(1)
00 = 0, g¯
(1)
0i = 0 and the obtained 1st-order perturbations
unchanged in the fixed 1st-order synchronous coordinate, one has no freedom to
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make g¯
(2)
00 = 0 and g¯
(2)
0i = 0 anymore, because ξ
(1)µ has been already fixed, as
specified by (C.19) and (C.21). Thus, effective 2nd-order transformations from
synchronous to synchronous can not be made when ξ(2)µ = 0. On the other hand,
if the 1st-order solutions are held fixed and only the 2nd-order metric perturbations
are transformed [58], one simply sets ξ(1)µ = 0 but ξ(2)µ 6= 0, so that (88), (89),
and (90) reduce to
α(2)(τ,x) =
A(2)(x)
τ 2
(110)
β
(2)
, i (τ,x) =−
A(2)(x), i
τ
+ C ||(2)(x), i (111)
d
(2)
i =0, (112)
and (91), (92), (93), (94), and (109) reduce to
φ¯
(2)
S =φ
(2)
S +
2
τ 3
A(2) −
1
3τ
∇2A(2) +
1
3
∇2C ||(2) , (113)
Dijχ¯
||(2)
S =Dijχ
||(2)
S +
2
τ
DijA
(2) − 2DijC
||(2) , (114)
χ¯
⊥(2)
S ij =χ
⊥(2)
S ij −
[
C
⊥(2)
i,j + C
⊥(2)
j,i
]
, (115)
χ¯
⊤(2)
S ij =χ
⊤(2)
S ij , (116)
δ¯
(2)
S =δ
(2)
S + 6
A(2)
τ 3
. (117)
Thus, it is seen that only ξ(2)µ is effective in carrying out 2nd-order transformations
that we consider, because ξ(1)µ has been used in obtaining the 1st-order perturba-
tions. This is also consistent with the fact that one can have 4 degrees of freedom
at each order of transformation. The gauge transformations (113)– (117) have a
similar structure to the 1st-order gauge transformations in (C.25), (C.29), (C.30),
and (C.34) in Appendix C. In particular, the gauge mode of 2nd-order vector is
time-independent, and the 2nd-order tensor contains no gauge mode. Furthermore,
under the condition U¯ (2)i = 0 (i.e, A
(2)
, i = 0), (110) (112) (115) (116) (117) remain
unchanged, whereas (111), (113), and (114) reduce to
β
(2)
, i (x) =C
||(2)(x), i , (118)
φ¯
(2)
S =φ
(2)
S + 2
A(2)
τ 3
+
1
3
∇2C ||(2)(x), (119)
Dijχ¯
||(2)
S =Dijχ
||(2)
S − 2DijC
||(2)(x). (120)
Though having residual gauge freedom, synchronous gauges have advantages
in regard to interpretation of cosmological observations in terms of calculational
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results. The RW spacetime as given by Eq.(2) in synchronous coordinate can be
written as ds2 = −dt2 + a2(t)γijdx
idxj, where dt ≡ a(τ)dτ is the cosmic time, and
is equal to the proper time ds/c =
√
−g00dt2 measured by a comoving observer
(dxi = 0). For galaxies without peculiar velocity (or, the typical peculiar velocity
v ∼ 102km/s ∼ 10−3c is neglected as an approximation), an observer on a galaxy is
a comoving observer. This holds for a perturbed RW spacetime as g
(1)
00 = g
(2)
00 = 0 by
definition of synchronous coordinate. Therefore, the time τ occurring in perturbed
cosmological quantities is directly related to the proper time t used by the observer
on our Galaxy.
On the other hand, in the Poisson coordinates (conformal-Newtonian coordi-
nates) (see Appendix D) for the perturbed RW spacetime, the proper time of a
comoving observer is ds/c =
√
(1 + 2ψ)dt2P , where dtP is the time in Poisson
coordinates and ψ = ψ(tP ,x) is the lapse function, which is also the gravitational
potential at the position of observer. Thus, the proper time measured by a comov-
ing observer on our Galaxy is not equal to the time dtP appearing in the perturbed
cosmological quantities in Poisson gauges. In principle, the observer would need
to know the potential ψ(tP ,x) at the Galaxy, in order to relate his proper time to
the Poisson coordinate time tP .
6 Conclusion
We have conducted a comprehensive study of the 2nd-order perturbed Einstein
equation for the Einstein-de Sitter model in synchronous coordinates. There are
three types of couplings of 1st-order metric perturbations: scalar-scalar, scalar-
tensor, and tensor-tensor, which serve as the source for 2nd-order metric perturba-
tions. We have decomposed the 2nd-order perturbed Einstein equation into three
sets according to the couplings. For the scalar-scalar coupling in this paper, we
have obtained the solutions of the 2nd-order scalar, vector and tensor perturbations
for general initial conditions. In particular, the 2nd-order vector perturbations in
Eq.(63) are produced by the coupling of 1st-order scalar perturbations, even though
there is no 1st-order vector metric perturbation. Besides, the complete expression
of 2nd-order tensor metric perturbation is given in Eq.(83) and Eq.(85), which
includes some extra terms as well as the homogeneous solution, correcting that in
literature.
Moreover, we have also performed a detailed study of general synchronous-
to-synchronous 2nd-order gauge transformations, which are generated by both a
1st-order vector field ξ(1)µ and an independent 2nd-order vector field ξ(2)µ as well.
While ξ(1)µ is actually fixed for the usual 1st-order gauge transformation, ξ(2)µ
is effective for carrying out the required 2nd-order transformations. As a main
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result, the residual gauge modes of 2nd-order metric perturbations and density
contrast have been found explicitly, listed in (C.50), (C.56), (C.57), and (C.58) for
a general RW spacetime, and in (91), (92), (93), (94), and (98) for the Einstein-
de Sitter model. We have also found that, when one further requires that the
transformed 3-velocity perturbations are also zero, U¯ (1)i = U¯ (2)i = 0, the vector
fields ξ(1)µ and ξ(2)µ are consequently constrained, and the residual gauge modes
of perturbations are substantially reduced, which are listed in (104), (105), (106),
(107), and (109). Furthermore, if we fix the 1st-order solutions of perturbations
(ξ(1)µ = 0) and transform only the 2nd-order perturbations by ξ(2)µ, all the things
become very simple and the resulting formulas are listed in (110) – (120), which
have exactly the same structure as the 1st-order transformations. In particular,
the 2nd-order vector contains a time-independent, residual gauge mode, and the
2nd-order tensor contains no residual gauge mode.
There are several related issues that can be explored in future research. Firstly,
we can extend the above method to the case of the scalar-tensor and tensor-tensor
types of couplings of 1st-order metric perturbations as the source for the 2nd-
order metric perturbations. This will be more involved and will be presented in
a subsequent paper. Next, one can extend the work to other stages of expansion,
such as the radiation and inflationary stages, and the calculations would be more
involved. For these earlier stages, the scalar-tensor and tensor-tensor couplings
will be more significant than for the matter stage. Besides, based on our results of
the 2nd-order perturbations with scalar-scalar coupling, a detailed computation of
the evolution during the matter stage in a realistic Big-Bang cosmology will be a
whole new project in the future.
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A The 1st order perturbations
The formulas of the Ricci tensor are Rµν = Γ
α
µν,α − Γ
α
να,µ + Γ
α
λαΓ
λ
µν − Γ
α
λνΓ
λ
αµ, and
Γαβγ =
1
2
gαρ(gργ,β + gβρ,γ − gβγ,ρ). In the 0th order, R
(0)
00 = −
3a′′
a
+ 3
(
a′
a
)2
, R
(0)
ij =
δij
[
a′′
a + (
a′
a )
2
]
, R(0) = 6a2
a′′
a . The 1st-order Ricci tensor R
(1)
00 = 3φ
(1)′′ + 3a
′
a φ
(1)′,
R
(1)
0i = 2φ
(1)′
,i +
1
2Dijχ
||(1)′,j ,
R
(1)
ij =φ
(1)
,ij −
(
φ(1)
′′
+ 5
a′
a
φ(1)
′
+ 2(
a′′
a
+ 2(
a′
a
)2)φ(1) −∇2φ(1)
)
δij
+
1
2
Dijχ
||(1)′′ +
a′
a
Dijχ
||(1)′ + (
a′′
a
+ (
a′
a
)2)Dijχ
||(1) −
1
2
∇2Dijχ
||(1) +Dki χ
||(1)
,jk
+
1
2
χ
⊤(1)′′
ij +
a′
a
χ
⊤(1)′
ij + (
a′′
a
+ (
a′
a
)2)χ
⊤(1)
ij −
1
2
∇2χ
⊤(1)
ij ,
and R(1) = 1a2 (−6φ
(1)′′ − 18a
′
a φ
(1)′ + 4∇2φ(1) +Dijχ
||(1),ij).
The (0i) component of the 1st-order perturbed Einstein equation is
G
(1)
0i ≡ R
(1)
0i = 0, (A.1)
which leads the 1st-order momentum constraint
φ
(1)′
,i +
1
6
∇2χ
‖(1)′
,i = 0. (A.2)
This relates the two scalar modes, and can be written as
φ(1)
′
+
1
6
∇2χ‖(1)
′
= 0, (A.3)
after dropping a space-independent constant. Integration of (A.3) gives
φ(1) +
1
6
∇2χ‖(1) = φ
(1)
0 +
1
6
∇2χ
‖(1)
0 , (A.4)
where φ
(1)
0 and χ
‖(1)
0 denote the initial values of the two scalar modes, respectively.
The (00) component of 1st-order perturbed Einstein equation is
G
(1)
00 ≡ R
(1)
00 −
1
2
g
(0)
00 R
(1) = 8πGρ(0)a2δ(1), (A.5)
which leads to the 1st-order energy constraint
−6
a′
a
φ(1)
′
+ 2(∇2φ(1) +
1
6
∇2∇2χ‖(1)) = 8πGρ(0)a2δ(1). (A.6)
Using (A.3), (A.27) into the above gives
∇2
(
2
τ
χ‖(1)
′
+
6
τ 2
(χ‖(1) − χ
‖(1)
0 ) + 2φ
(1)
0 +
1
3
∇2χ
‖(1)
0
)
=
12
τ 2
δ
(1)
0 (A.7)
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The (ij) component of 1st-order perturbed Einstein equation is:
G
(1)
ij ≡ R
(1)
ij −
1
2
δija
2R(1) −
1
2
a2γ
(1)
ij R
(0) = 0. (A.8)
which gives the evolution equation
2φ(1)
′′
δij +
8
τ
φ(1)
′
δij + φ
(1)
,ij −∇
2φ(1)δij
+
1
2
Dijχ
‖(1)′′ +
2
τ
Dijχ
‖(1)′ +
1
6
∇2Dijχ
‖(1) −
1
9
δij∇
2∇2χ‖(1)
+
1
2
χ
⊤(1)′′
ij +
2
τ
χ
⊤(1)′
ij −
1
2
∇2χ
⊤(1)
ij = 0,
(A.9)
involving all the metric perturbations. The traceless part of Eq.(A.9) is(
Dijχ
||(1)′′ +
4
τ
Dijχ
||(1)′ +
1
3
∇2Dijχ
||(1)
)
+
(
χ
⊤(1)′′
ij +
4
τ
χ
⊤(1)′
ij −∇
2χ
⊤(1)
ij
)
+2
(
∂i∂jφ
(1) −
1
3
δij∇
2φ(1)
)
= 0. (A.10)
The transverse part of (A.10) directly gives the hyperbolic, partial differential
equation of 1st-order tensor
χ
⊤(1)′′
ij +
4
τ
χ
⊤(1)′
ij −∇
2χ
⊤(1)
ij = 0, (A.11)
which describes gravitational wave propagating at the speed of light. Eq.(A.11),
Eq.(A.2), and Eq.(A.7) show that, at 1st order, the tensor and the scalar are
independent. The solution of (A.11) is given by (18) and (19).
Taking the trace of (A.9) gives
6φ(1)
′′
+
24
τ
φ(1)
′
− 2(∇2φ(1) +
1
6
∇2∇2χ||(1)) = 0, (A.12)
which, by the momentum constraint (A.4), is also written as the equation of φ(1)
φ(1)
′′
+
4
τ
φ(1)
′
=
1
3
(∇2φ
(1)
0 +
1
6
∇2∇2χ
‖(1)
0 ). (A.13)
By (A.3), it can be also written as the equation of χ‖(1):
χ‖(1)
′′
+
4
τ
χ‖(1)
′
= −2(φ
(1)
0 +
1
6
∇2χ
‖(1)
0 ). (A.14)
Note that the evolution equations (A.13) (A.14) are not hyperbolic differential
equations, thus, the scalar perturbations φ(1) and χ‖(1) just follow where the density
perturbation is distributed, and do not propagate at speed of light, in contrast to
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the tensor χ
⊤(1)
ij . Combining (A.27) and (A.7) yields the equation of the 1st-order
density contrast
δ(1)
′′
+
2
τ
δ(1)
′
−
6
τ 2
δ(1) = 0. (A.15)
Note that Eq.(A.15) has no sound speed term because the pressure is zero for the
dust model. The general solution of (A.15) consists of a growing mode ∝ τ 2 and a
decaying mode τ−3,
δ(1) = δ
(1)
0g
τ 2
τ 20
+
3X
τ 3
. (A.16)
where X = X(x) represents the decaying mode of the density contrast. δ
(1)
0 ≡
δ
(1)
0g +
3X
τ30
will denote the initial value of δ(1). Combining (A.28) and (A.15) leads
to
χ‖(1)
′′
+
2
τ
χ‖(1)
′
−
6
τ 2
χ‖(1) = 0, (A.17)
which is the same equation as (A.15). Its solution is taken as
∇2χ‖(1) = −2
δ
(1)
0g
τ 20
τ 2 −
6X
τ 3
. (A.18)
φ(1) satisfies a similar equation to (A.17) with the inhomogeneous terms − 6τ2 (φ
(1)
0 +
1
6∇
2χ
‖(1)
0 ). For convenience, introduce the gravitational potential ϕ defined by
∇2ϕ(x) =
6
τ 20
δ
(1)
0g (x). (A.19)
Then one obtains the solution
φ(1) =
5
3
ϕ+
τ 2
18
∇2ϕ +
X
τ 3
(A.20)
Dijχ
‖(1) = −
τ 2
3
(ϕ,ij −
1
3
δij∇
2ϕ)−
6∇−2DijX
τ 3
(A.21)
by (A.4) and (A.14). We shall keep the decaying terms ∝ X/τ 3 in (A.16), (A.20),
and (A.21). The scalar perturbations φ(1) and Dijχ
‖(1) are independent dynamic
fields, but the two fields and their first time derivatives are related through the
energy, and momentum constraints. This leads to the fact that the growing mode
of Dijχ
‖(1) is related to that of φ(1) and, respectively, so is the decaying mode.
Thus, there are only two unknown functions ϕ and X in the solutions (A.21) and
(A.20) which will be determined by the initial condition at τ0. We remark that the
solutions (A.21) and (A.20) are consistent with each other in a fixed gauge. If the
time-independent term 53ϕ in Eq.(A.20) was discarded as a gauge term, Dijχ
‖(1) of
(A.21) would acquire a term 10Dij(∇
−2ϕ) simultaneously, according to the gauge
transformation (C.38) and (C.39) of Appendix C.
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A.1 The energy density contrast
For the matter source of gravity, the equation of dust is determined by the conser-
vation of energy-momentum tensor, by which the perturbations of density will be
related the metric perturbations as the following. Define the density contract
δ =
ρ− ρ(0)
ρ(0)
, (A.22)
where ρ = ρ(x, τ) is the mass density, ρ(0) is its mean density. From the energy
conservation T 0ν ; ν = 0, one obtains the solution δ in terms of metric perturbations
δ(τ,x) = (1 + δ0(x))
[
γ(τ,x)
γ0(x)
]− 12
− 1, (A.23)
where δ0 and γ0 are the initial values, and
γ ≡ det(γij) = 1 + γ
(1)i
i +
1
2
γ
(2)i
i +
1
2
γ
(1)i
i γ
(1)j
j −
1
2
γ(1)ijγ
(1)
ij . (A.24)
Expanding (A.23) up to 2nd order gives
δ =−
1
2
γ
(1)i
i +
1
2
γ
(1)i
0i + δ
(1)
0 +
1
2
δ
(2)
0 +
1
4
γ
(2)i
0 i −
1
4
γ
(2)i
i +
1
8
(γ
(1)i
i )
2 +
1
8
(γ
(1)i
0i )
2
−
1
4
γ
(1)i
i γ
(1)j
0j +
1
4
γ(1)ijγ
(1)
ij −
1
4
γ
(1)ij
0 γ
(1)
0ij −
1
2
γ
(1)i
i δ
(1)
0 +
1
2
γ
(1)i
0i δ
(1)
0 . (A.25)
where δ0 ≡ δ
(1)
0 +
1
2
δ
(2)
0 . From (A.25) one reads off the 1st-order density contrast
δ(1) = δ
(1)
0 +
1
2
(6φ(1) − 6φ
(1)
0 ) (A.26)
which, by Eq.(A.4), can be also written as
δ(1) = δ
(1)
0 −
1
2
∇2(χ‖(1) − χ
‖(1)
0 ). (A.27)
One can use the residual gauge freedom to take ∇2χ
‖(1)
0 = −2δ
(1)
0 (see Eq.(C.31) in
Appendix C), so that (A.27) reduces to
δ(1) = −
1
2
∇2χ‖(1). (A.28)
From (A.25) one reads off the 2nd-order density contrast
δ(2) =δ
(2)
0 +
1
2
γ
(2)i
0 i −
1
2
γ
(2)i
i +
1
4
(γ
(1)i
i )
2 +
1
4
(γ
(1)i
0 i )
2 −
1
2
γ
(1)i
i γ
(1)j
0j
+
1
2
γ(1)ijγ
(1)
ij −
1
2
γ
(1)ij
0 γ
(1)
0ij − γ
(1)i
i δ
(1)
0 + γ
(1)i
0 i δ
(1)
0 .
(A.29)
which depends on 2nd-order perturbations only through γ
(2)i
i = −6φ
(2), indepen-
dent of the 2nd-order tensor. But δ(2) depends on the 1st-order tensor via the term
1
4γ
(1)ijγ
(1)
ij =
1
4(2χ
⊤(1)
ij D
ijχ‖(1) + χ
⊤(1)
ij χ
⊤(1)ij).
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B Expressions of 2nd Order Perturbed Ricci Tensors
By Eq.(2) and Eq.(3), we calculate the 2nd-order Ricci and Einstein tensors. The
2nd-order Ricci tensors are
R
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2
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′′
+ 3φ(1)
′
φ(1)
′
+
1
2
Dijχ||(1)Dijχ
||(1)′′
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and the 2nd-order Ricci scalar is
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The 2nd-order perturbed Einstein tensors are
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and its trace is given by
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+
1
2
Dklχ
||(1)
, l D
m
k χ
||(1)
,m +
5
8
Dklχ||(1)
′
Dklχ
||(1)′ +
3
2
Dklχ||(1)Dklχ
||(1)′′
+
1
4
Dkmχ||(1), lDlmχ
||(1)
, k + 3
a′
a
χ
⊤(1)′
kl D
klχ||(1) + 3
a′
a
χ⊤(1)klDklχ
||(1)′
+ 2χ⊤(1)kmDmlχ
||(1), l
, k − χ
⊤(1)km∇2Dkmχ
||(1) −Dkmχ||(1)∇2χ
⊤(1)
km
−
3
4
χ
⊤(1)km
, l Dkmχ
||(1), l +
5
4
χ⊤(1)
′klDklχ
||(1)′ +
3
2
χ
⊤(1)′′
kl D
klχ||(1) +
3
2
χ⊤(1)klDklχ
||(1)′′
+
1
2
χ
⊤(1)
lm, kD
kmχ||(1), l + 3
a′
a
χ⊤(1)klχ
⊤(1)′
kl − χ
⊤(1)km∇2χ
⊤(1)
km −
3
8
χ
⊤(1)km
, l χ
⊤(1), l
km
+
5
8
χ⊤(1)
′klχ
⊤(1)′
kl +
3
2
χ⊤(1)klχ
⊤(1)′′
kl +
1
4
χ⊤(1)km, lχ
⊤(1)
lm, k . (B.8)
C Gauge Transformations from Synchronous to Synchronous
First we give the formulas for the gauge transformation between two general coor-
dinates. Consider a general coordinate transformation [51, 59]
xµ → x¯µ = xµ + ξ(1)µ +
1
2
ξ(1)µ,α ξ
(1)α +
1
2
ξ(2)µ, (C.1)
where ξ(1)µ is a 1st-order vector field, and ξ(2)µ is an independent vector field whose
magnitude is of 2nd order. The corresponding transformations of metric [42, 59]
gµν(x) =
∂x¯α
∂xµ
∂x¯β
∂xν
g¯αβ(x¯). (C.2)
The metric is written as gµν = g
(0)
µν + g
(1)
µν +
1
2g
(2)
µν to the 2nd order, and similar for
g¯µν. Eq.(C.2) leads to the following transformations to each order,
g(0)µν (x) = g¯
(0)
µν (x), (C.3)
g¯(1)µν (x) = g
(1)
µν (x)− Lξ(1)g
(0)
µν (x), (C.4)
g¯(2)µν (x) = g
(2)
µν (x)− 2Lξ(1)g
(1)
µν (x) + Lξ(1)
(
Lξ(1)g
(0)
µν (x)
)
−Lξ(2)g
(0)
µν (x). (C.5)
where the Lie derivative along ξ(1)µ is defined as
Lξ(1)g
(0)
µν ≡ g
(0)
µν,αξ
(1)α + g(0)µαξ
(1)α
, ν + g
(0)
να ξ
(1)α
, µ , (C.6)
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and others are similarly defined. It is checked that, under the transformation (C.1)
and (C.2), the spacetime line element remains invariant,
ds2 = g¯µν(x¯)dx¯
µdx¯ν = gµν(x)dx
µdxν . (C.7)
The formulas (C.3 ), (C.4 ), and (C.5) also apply to the energy-momentum tensor
Tµν = ρU
µU ν. Similarly, under the coordinate transformation (C.1), a scalar
function transforms as f(x) = f¯(x¯). By writing f(x) = f (0)(x)+f (1)(x)+ 12f
(2)(x),
one has
f¯ (0)(x) = f (0)(x), (C.8)
f¯ (1)(x) = f (1)(x)− Lξ(1)f
(0)(x), (C.9)
f¯ (2)(x) = f (2)(x)− 2Lξ(1)f
(1)(x) + Lξ(1)
(
Lξ(1)f
(0)(x)
)
−Lξ(2)f
(0)(x), (C.10)
where
Lξf ≡ f, αξ
α . (C.11)
Under (C.1), a 4-vector Zµ transforms as Z¯µ(x¯) = (∂x¯µ/∂xα)Zα(x). Writing
Zµ(x) = Z(0)µ(x) + Z(1)µ(x) + 1
2
Z(2)µ(x), one has
Z¯(0)µ(x) = Z(0)µ(x), (C.12)
Z¯(1)µ(x) = Z(1)µ(x)− Lξ(1)Z
(0)µ(x), (C.13)
Z¯(2)µ(x) = Z(2)µ(x)− 2Lξ(1)Z
(1)µ(x) + Lξ(1)
(
Lξ(1)Z
(0)µ(x)
)
−Lξ(2)Z
(0)µ(x), (C.14)
where
LξZ
µ ≡ Zµ,αξ
α − ξµ,αZ
α, (C.15)
LξZµ ≡ Zµ,αξ
α + ξµ,αZ
α. (C.16)
The components of the vector fields ξ(1)µ and ξ(2)µ can be denoted by the parameters
ξ(1)0 = α(1), ξ(1)i = ∂iβ(1) + d(1)i, (C.17)
ξ(2)0 = α(2), ξ(2)i = ∂iβ(2) + d(2)i, (C.18)
with the constraints ∂id
(1)i = 0 and ∂id
(2)i = 0.
We first apply the above formulas to the 1st-order gauge transformations be-
tween synchronous coordinates. By (C.4), requiring g¯
(1)
00 (x) = g
(1)
00 (x) = 0 leads to
Lξ(1)g
(0)
00 = 0, and its solution is
ξ(1)0(τ,x) =
A(1)(x)
a(τ)
. (C.19)
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Requiring g¯
(1)
0i (x) = g
(1)
0i (x) = 0 leads to Lξ(1)g
(0)
0i = 0, ie,
−ξ
(1)0
,i + ξ
(1)
i ,0 = 0, (C.20)
and its solution is
ξ
(1)
i (τ,x) = A
(1)(x),i
∫ τ dτ ′
a(τ ′)
+ C
(1)
i (x), (C.21)
where A(1)(x) is an arbitrary function, and C
(1)
i (x) is an arbitrary 3-vector. A
(1)(x)
and C
(1)
i (x) together represent 4 degrees of freedom of 1st-order gauge transforma-
tion under consideration. One can write C
(1)
i (x) as
C
(1)
i = C
‖(1)
i + C
⊥(1)
i (C.22)
where the longitudinal part C
‖(1)
i = C
||(1)
, i with C
||(1) being an arbitrary function,
and C
⊥(1)
i is a transverse part so that C
⊥(1), i
i = 0. One can set C
⊥(1)
i = 0, since the
1st-order vector metric perturbation is zero for an irrotational dust in this paper.
Now we explain why a 1st-order vector metric perturbation χ
⊥(1)
ij is a residual
gauge mode and can be set 0. Assume that it exists as the following
χ
⊥(1)
ij = v
(1)
i,j + v
(1)
j,i
where the vector satisfies ∂iv
(1)
i = 0. It is easy to give the momentum constraint:
1
4χ
⊥(1)′,j
ij = 0, which leads to
1
4∇
2v
(1)′
i = 0 and the solution v
(1)
i = vi(x) + ei(τ),
where ∂ivi(x) = 0 and ei(τ) is an arbitrary vector depending on τ only. By a
residual gauge transformation using ξ
(1)
i of (C.21) with the parameter C
⊥(1)
i only,
χ
⊥(1)
ij is changed to χ¯
⊥(1)
ij = (vi,j + vj,i) − (C
⊥(1)
i,j + C
⊥(1)
j,i ). Setting C
⊥(1)
i = vi, one
gets χ¯
⊥(1)
ij = 0. Hence, the 1st-order vector is a gauge mode and can be eliminated.
Under the transformation of (C.19) and (C.21), the metric perturbation changes
to
φ¯(1) = φ(1) +
a′
a
A(1)
a
+
1
3
∇2A(1)
∫ τ dτ ′
a(τ ′)
+
1
3
∇2C ||(1), (C.23)
χ¯‖(1) = χ‖(1) − 2A(1)
∫ τ dτ ′
a(τ ′)
− 2C ||(1), (C.24)
χ¯
⊤(1)
ij = χ
⊤(1)
ij . (C.25)
The results (C.19), (C.21), (C.23), (C.24), and (C.25) are valid for a general scale
factor a(τ). For the MD era with a(τ) ∝ τ 2, (C.19) and (C.21) reduce to
α(1)(τ,x) =
A(1)(x)
τ 2
, (C.26)
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β
(1)
, i (τ,x) = −
A(1)(x), i
τ
+ C ||(1)(x), i (C.27)
d
(1)
i = 0 , (C.28)
and (C.23) and (C.24) become
φ¯(1) = φ(1) + 2
A(1)(x)
τ 3
−
∇2A(1)(x)
3τ
+
1
3
∇2C ||(1)(x), (C.29)
D¯ijχ
‖(1) = Dijχ
‖(1) +
2DijA
(1)(x)
τ
− 2DijC
||(1)(x). (C.30)
From (A.28) one sees that for a given initial density contrast δ
(1)
0 (x), one can always
choose C ||(1)(x) to satisfy
∇2χ¯
‖(1)
0 (x) = −2δ
(1)
0 (x). (C.31)
The synchronous-to-synchronous transformation of 1st-order density perturbation
can be also derived from the following
T¯
(1)
00 (x) = T
(1)
00 (x)− Lξ(1)T
(0)
00 (x), (C.32)
as an application of (C.4). Up to the 1st order, one has T
(1)
00 = ρ
(1)a2, U¯
(1)
0 = 0,
T¯
(1)
00 = ρ¯
(1)a2, and Lξ(1)T
(0)
00 = −6a
2ρ(0)A
(1)
τ3
, leading to the result
ρ¯(1) = ρ(1) + 6ρ(0)
A(1)
τ 3
. (C.33)
This result also follows from ρ¯(1) = ρ(1) − Lξ(1)ρ
(0) as an application of (C.9). In
terms of the 1st-order density contrast, (C.33) gives
δ¯(1) = δ(1) + 6
A(1)
τ 3
. (C.34)
Thus, the residual gauge mode of δ(1) is τ−3.
In this paper on the dust model, the 4-velocity U (0)µ = (a−1, 0, 0, 0), and its
1st-order perturbation U (1)µ = 0 has been taken. When one further requires the
transformed U¯ (1)i = 0 [42], the formula (C.13) leads to
A(1)(x),i = 0, (C.35)
i.e, A(1) = const, so that (C.26), (C.27), (C.29), and (C.30) reduce to
α(1)(τ) =
A(1)
τ 2
, (C.36)
β
(1)
,i (x) = C
||(1)
,i (x) , (C.37)
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φ¯(1) = φ(1) + 2
A(1)
τ 3
+
1
3
∇2C ||(1)(x), (C.38)
D¯ijχ
‖(1) = Dijχ
‖(1) − 2DijC
||(1)(x). (C.39)
If starting with a velocity U (1)µ 6= 0 in a given synchronous coordinate, we can
make a coordinate transform to render the velocity vanish at U¯ (1)µ = 0; however,
at the same time, the new coordinate is no longer synchronous in general. This is
explained as follows: by (C.13), the vector U (1)µ transforms as
U¯ (1)0 = U (1)0 − [U
(0)0
,0 ξ
(1)0 − ξ
(1)0
,0 U
(0)0], U¯ (1)i = U (1)i + ξ
(1)i
,0 U
(0)0,
under a general ξ(1)ν . Requiring U¯ (1)0 = 0, U¯ (1)i = 0 in the new coordinate leads
to
U (1)0 − [U
(0)0
,0 ξ
(1)0 − ξ
(1)0
,0 U
(0)0] = 0, U (1)i + ξ
(1)i
,0 U
(0)0 = 0.
The solution of the transformation vector is
ξ(1)0 =
H(x)
a(τ)
−
1
a(τ)
∫ τ
a2(τ ′)U (1)0dτ ′,
ξ(1)i = −
∫ τ
a(τ ′)U (1)idτ ′ + Ei(x), (C.40)
where H(x) is an arbitrary function and Ei(x) is an arbitrary vector. For this
solution to satisfy the synchronous-to-synchronous conditions (C.19) and (C.21),
the given velocity must be of the following special form
U (1)0 = 0, U (1)i ∝
1
a2
. (C.41)
In fact, for a pressureless dust with the energy-momentum tensor T µν = ρUµU ν
in a synchronous coordinate, one can write Uµ = U (0)µ + U (1)µ, and show that
U (1)0 = 0 as a result of UµUµ = −1, that (a
2U (1)i)′ = 0 as a result of the momentum
conservation T iµ ;µ = 0 at the 1st order, that is, (C.41) is satisfied by a pressureless
dust. Thus, one can set the 1st-order velocity U¯ (1)µ = 0 by a 1st-order gauge
transformation. Similar calculations analysis can be also performed for the 2nd
order, leading to a similar result, i.e, the 2nd-order velocity U¯ (2)µ can be brought
zero by a 2nd-order gauge transformation. Therefore, for a pressureless dust in a
synchronous coordinate, one can take the 4-velocity Uµ = (a−1, 0, 0, 0).
Now we determine the 2nd-order vector ξ(2) of synchronous-to-synchronous resid-
ual gauge transformations. By the requirement g¯
(2)
00 (x) = g
(2)
00 (x) = 0, the formula
(C.5) gives
0 = 0− 2Lξ(1)g
(1)
00 + Lξ(1)(Lξ(1)g
(0)
00 )−Lξ(2)g
(0)
00 . (C.42)
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As is checked, Lξ(1)g
(1)
00 = 0 and Lξ(1)Lξ(1)g
(0)
00 = 0 for the given ξ
(1)µ, so that the
above reduces to Lξ(2)g
(0)
00 = 0, which yields a solution
α(2) =
A(2)(x)
a(τ)
, (C.43)
with A(2)(x) being an arbitrary function. By the requirement g¯
(2)
0i (x) = g
(2)
0i (x) = 0,
the formula (C.5) gives
0 = 0− 2Lξ(1)g
(1)
0i + Lξ(1)
(
Lξ(1)g
(0)
0i
)
−Lξ(2)g
(0)
0i . (C.44)
which leads to the equation
dξ(2)i
dτ
= 2
(
2φ(1)δik − χ
(1)
ik
) A(1), k
a
+ 2a′
A
(1)
, i A
(1)
a3
+ 2
A(1), k
a
A
(1)
, ik
∫ τ dτ ′
a(τ ′)
+ 2
A(1), k
a
C
||(1)
, ik +
A
(2)
,i
a
. (C.45)
Its solution is
ξ
(2)
i (τ,x) =4A
(1)(x),i
∫ τ φ(1)(τ ′,x)
a(τ ′)
dτ ′ − 2A(1)(x),k
∫ τ χ(1)ki (τ ′,x)
a(τ ′)
dτ ′
−
1
a2
A(1)(x)A(1)(x),i + 2A
(1)(x),kA(1)(x),ki
∫ τ dτ ′
a(τ ′)
∫ τ ′ dτ ′′
a(τ ′′)
+ 2A(1)(x),kC ||(1)(x),ki
∫ τ dτ ′
a(τ ′)
+A(2)(x),i
∫ τ dτ ′
a(τ ′)
+ C
(2)
i (x),
(C.46)
where C
(2)
i is an integration constant 3-vector, and can be decomposed as
C
(2)
i = C
||(2)
, i + C
⊥(2)
i . (C.47)
A(2)(x) and C
(2)
i (x) together represent 4 degrees of freedom of 2nd-order gauge
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transformation under consideration. From Eq.(C.46), one has
β(2) =∇−2
{
[∇2A(1)(x)]
∫ τ 4φ(1)(τ ′,x)
a(τ ′)
dτ ′ +A(1)(x),k
∫ τ 4φ(1)(τ ′,x),k
a(τ ′)
dτ ′
−A(1)(x), ki
∫ τ 2χ(1)ki (τ ′,x)
a(τ ′)
dτ ′ − A(1)(x), k
∫ τ 2χ(1)ki (τ ′,x), i
a(τ ′)
dτ ′
+ 2A(1)(x), kiC ||(1)(x), ki
∫ τ dτ ′
a(τ ′)
+ 2A(1)(x),k∇2C ||(1)(x),k
∫ τ dτ ′
a(τ ′)
}
−
1
2a2(τ)
A(1)(x)A(1)(x) +A(1)(x),kA(1)(x),k
∫ τ dτ ′
a(τ ′)
∫ τ ′ dτ ′′
a(τ ′′)
+ A(2)(x)
∫ τ dτ ′
a(τ ′)
+ C ||(2)(x) , (C.48)
d
(2)
i =ξ
(2)
i − β
(2)
,i
=∂i∇
−2
{
− [∇2A(1)(x)]
∫ τ 4φ(1)(τ ′,x)
a(τ ′)
dτ ′ − A(1)(x),k
∫ τ 4φ(1)(τ ′,x),k
a(τ ′)
dτ ′
+ 2A(1)(x), kl
∫ τ χ(1)kl (τ ′,x)
a(τ ′)
dτ ′ + 2A(1)(x), k
∫ τ χ(1)kl (τ ′,x), l
a(τ ′)
dτ ′
− 2A(1)(x), klC ||(1)(x), kl
∫ τ dτ ′
a(τ ′)
− 2A(1)(x),k∇2C ||(1)(x),k
∫ τ dτ ′
a(τ ′)
}
+ 4A(1)(x),i
∫ τ φ(1)(τ ′,x)
a(τ ′)
dτ ′ − 2A(1)(x),k
∫ τ χ(1)ki (τ ′,x)
a(τ ′)
dτ ′
+ 2A(1)(x),kC ||(1)(x),ki
∫ τ dτ ′
a(τ ′)
+ C
⊥(2)
i (x). (C.49)
The results (C.43), (C.48), and (C.49) are valid for a general a(τ).
We now determine the transformation of 2nd-order metric perturbations. Ap-
plying the formula (C.5) to the (ij) components yields
φ¯(2) =φ(2) −
[(
4
a′
a
φ(1) + 2φ(1)
′
)
+
(
a′′
a
+
a′ 2
a2
)
α(1) +
a′
a
α(1)
′
]
α(1)
−
1
3
(
4φ(1) + α(1)∂0 + β
(1),k∂k + 4
a′
a
α(1)
)
∇2β(1) −
(
2φ
(1)
, k +
a′
a
α
(1)
, k
)
β(1),k
−
2
3
(
−χ
(1)
kl + β
(1)
,kl
)
β(1), kl +
a′
a
α(2) +
1
3
∇2β(2), (C.50)
χ¯
(2)
ij =χ
(2)
ij +Wij , (C.51)
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where
Wij ≡−
2
a
χ
(1)′
ij A
(1) − 4
a′
a2
χ
(1)
ij A
(1) − 2χ
(1)
ij, kA
(1),k
∫ τ dτ ′
a(τ ′)
− 2χ
(1)
ij, kC
||(1), k
+ 8φ(1)DijA
(1)
∫ τ dτ ′
a(τ ′)
+ 8φ(1)DijC
||(1) +
2
a2
A(1)DijA
(1)
− 2A(1),kDijA
(1)
,k
[∫ τ dτ ′
a(τ ′)
]2
− 2A(1),kDijC
||(1)
,k
∫ τ dτ ′
a(τ ′)
− 2C ||(1),kDijA
(1)
,k
∫ τ dτ ′
a(τ ′)
− 2C ||(1),kDijC
||(1)
,k
+
8a′
a2
A(1)DijA
(1)
∫ τ dτ ′
a(τ ′)
+
8a′
a2
A(1)DijC
||(1)
− 4
(
χ
(1)
k(iA
(1),k
,j) −
1
3
χ
(1)
kl A
(1),klδij
)∫ τ dτ ′
a(τ ′)
− 4
(
χ
(1)
k(iC
||(1),k
,j) −
1
3
χ
(1)
kl C
||(1),klδij
)
+ 2Dij
(
A
(1)
,k A
(1),k
[∫ τ dτ ′
a(τ ′)
]2
+ 2A
(1)
,k C
||(1),k
∫ τ dτ ′
a(τ ′)
+ C
||(1)
,k C
||(1),k
)
− 2
(
Dijβ
(2) + d
(2)
(i,j)
)
. (C.52)
Eq.(C.51) is to be decomposed into scalar, vector, tensor: χ¯
(2)
ij = χ¯
⊤(2)
ij + χ¯
⊥(2)
ij +
Dijχ¯
||(2). By calculations, we get
χ¯||(2) = χ||(2) +
3
2
∇−2∇−2W ,klkl , (C.53)
χ¯
⊥(2)
ij = χ
⊥(2)
ij +∇
−2
(
W , kki,j +W
, k
kj,i
)
− 2∇−2∇−2W ,klkl,ij , (C.54)
χ¯
⊤(2)
ij = χ
⊤(2)
ij +Wij−∇
−2
(
W ,kki,j +W
,k
kj,i
)
+
1
2
∇−2∇−2W ,klkl,ij+
δij
2
∇−2W ,klkl . (C.55)
Substituting (C.52) into Eq.(C.53), Eq.(C.54), and Eq.(C.55), we obtain the resid-
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ual gauge transformations of the scalar, vector and tensor as the following
χ¯||(2) =χ||(2) +
1
a2
[
A(1)A(1) + 2∇−2
(
A(1)∇2A(1)
)
+ 3∇−2∇−2
(
A(1),klA
(1)
, kl −∇
2A(1)∇2A(1)
)]
+
4a′
a2
[∫ τ dτ ′
a(τ ′)
] [
2∇−2
(
A(1)∇2A(1)
)
+ 3∇−2∇−2
(
A(1),klA
(1)
, kl −∇
2A(1)∇2A(1)
)]
+
a′
a2
[
8∇−2
(
A(1)∇2C ||(1)
)
+ 6∇−2∇−2
(
− χ
(1),kl
kl A
(1) − χ
(1)
kl A
(1),kl − 2χ
(1),k
kl A
(1),l
+ 2A(1),klC
||(1)
, kl − 2∇
2A(1)∇2C ||(1)
)]
−
3
a
∇−2∇−2
[
χ
(1)′,kl
kl A
(1) + χ
(1)′
kl A
(1),kl + 2χ
(1)′,k
kl A
(1),l
]
− 2A(1),kA
(1)
,k
∫ τ
dτ ′
1
a(τ ′)
∫ τ ′ dτ ′′
a(τ ′′)
+
[∫ τ dτ ′
a(τ ′)
]2 [
2A
(1)
,k A
(1),k − 2∇−2
(
A(1),k∇2A
(1)
,k
)
+ 3∇−2∇−2
(
∇2A(1),k∇2A
(1)
,k − A
(1),klmA
(1)
, klm
)]
+
[∫ τ dτ ′
a(τ ′)
] [
2A(1),kC
||(1)
,k + 2∇
−2
(
4φ(1)∇2A(1) + χ
(1)
kl A
(1),kl − 2A(1),k∇2C
||(1)
,k
)
+ 3∇−2∇−2
(
− χ
(1),klm
kl A
(1)
,m − 3χ
(1)
kl,mA
(1),klm − 4χ
(1), k
kl,mA
(1), lm − 2χ
(1), k
kl ∇
2A(1), l
− 2χ
(1)
kl ∇
2A(1), kl + 4φ(1),klA
(1)
, kl − 4∇
2φ(1)∇2A(1) + 2∇2A(1),k∇2C
||(1)
,k − 2A
(1),klmC
||(1)
, klm
)]
+
[
2C
||(1)
,k C
||(1),k +∇−2
(
8φ(1)∇2C ||(1) + 2χ
(1)
kl C
||(1),kl − 2C ||(1),k∇2C
||(1)
,k
)
+ 3∇−2∇−2
(
4φ(1),klC
||(1)
, kl − 4∇
2φ(1)∇2C ||(1) − χ
(1),klm
kl C
||(1)
,m − 3χ
(1)
kl,mC
||(1),klm
− 4χ
(1),k
kl,mC
||(1),lm − 2χ
(1), k
kl ∇
2C ||(1), l − 2χ
(1)
kl ∇
2C ||(1), kl +∇2C ||(1),k∇2C
||(1)
,k − C
||(1),klmC
||(1)
, klm
)]
− 4∇−2
[
∇2A(1)
∫ τ 2φ(1)(τ ′,x)
a(τ ′)
dτ ′ + A
(1)
,k
∫ τ 2φ(1)(τ ′,x),k
a(τ ′)
dτ ′ − A(1), kl
∫ τ χ(1)kl (τ ′,x)
a(τ ′)
dτ ′
− A(1), k
∫ τ χ(1)km(τ ′,x),m
a(τ ′)
dτ ′
]
− 2A(2)
∫ τ dτ ′
a(τ ′)
− 2C ||(2) , (C.56)
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χ¯
⊥(2)
ij =χ
⊥(2)
ij +
1
a2
[
− 2∂i∇
−2
(
A
(1)
,j ∇
2A(1)
)
+ ∂i∂j∇
−2
(
A(1),kA
(1)
, k
)
− 2∂i∂j∇
−2∇−2
(
A(1),klA
(1)
, kl −∇
2A(1)∇2A(1)
)]
+
4a′
a2
[∫ τ dτ ′
a(τ ′)
] [
− 2∂i∇
−2
(
A
(1)
,j ∇
2A(1)
)
+ ∂i∂j∇
−2
(
A(1),kA
(1)
, k
)
− 2∂i∂j∇
−2∇−2
(
A(1),klA
(1)
, kl −∇
2A(1)∇2A(1)
)]
+
2a′
a2
[
2∂i∇
−2
(
2A(1),kC
||(1)
, kj − 2A
(1)
,j ∇
2C ||(1) − χ
(1),k
kj A
(1) − χ
(1)
kj A
(1),k
)
+ 2∂i∂j∇
−2∇−2
(
2∇2A(1)∇2C ||(1) − 2A(1),klC
||(1)
, kl + χ
(1),kl
kl A
(1) + χ
(1)
kl A
(1),kl + 2χ
(1),k
kl A
(1),l
)]
−
1
a
[
2∂i∇
−2
(
χ
(1)′,k
kj A
(1) + χ
(1)′
kj A
(1),k
)
− 2∂i∂j∇
−2∇−2
(
χ
(1)′,kl
kl A
(1) + χ
(1)′
kl A
(1),kl + 2χ
(1)′,k
kl A
(1),l
)]
+
[∫ τ dτ ′
a(τ ′)
]2 [
2∂i∇
−2
(
A
(1)
,kj∇
2A(1),k
)
− ∂i∂j∇
−2
(
A(1),kmA
(1)
, km
)
+ 2∂i∂j∇
−2∇−2
(
A(1),klmA
(1)
, klm −∇
2A(1),k∇2A
(1)
,k
)]
−
[∫ τ dτ ′
a(τ ′)
] [
2∂i∇
−2
(
4φ
(1)
,j ∇
2A(1) − 4φ(1),kA
(1)
, kj + χ
(1),k
kj,mA
(1),m + 2χ
(1)
kj,mA
(1),km
+ χ
(1), l
kl A
(1),k
,j + χ
(1)
kl A
(1),kl
,j + χ
(1)
kj ∇
2A(1), k + 2A(1),kmC
||(1)
,kmj − 2A
(1)
,kj∇
2C ||(1),k
)
− 2∂i∂j∇
−2∇−2
(
4∇2φ(1)∇2A(1) − 4φ(1),klA
(1)
, kl + χ
(1),kl
kl,m A
(1),m + 3χ
(1)
kl,mA
(1),klm + 4χ
(1),k
kl,mA
(1),lm
+ 2χ
(1), k
kl ∇
2A(1), l + 2χ
(1)
kl ∇
2A(1), kl + 2A(1),klmC
||(1)
, klm − 2∇
2A(1),k∇2C
||(1)
,k
)]
+
[
− 2∂i∇
−2
(
4φ
(1)
,j ∇
2C ||(1) − 4φ(1),kC
||(1)
, kj + χ
(1),k
kj,mC
||(1),m + 2χ
(1)
kj,mC
||(1),km
+ χ
(1), l
kl C
||(1),k
,j + χ
(1)
kl C
||(1),kl
,j + χ
(1)
kj ∇
2C ||(1), k + C ||(1),kmC
||(1)
, kmj − C
||(1)
,kj ∇
2C ||(1),k
)
+ 2∂i∂j∇
−2∇−2
(
4∇2φ(1)∇2C ||(1) − 4φ(1),klC
||(1)
, kl + χ
(1),kl
kl,m C
||(1),m + 4χ
(1),k
kl,mC
||(1),lm
+ 3χ
(1)
kl,mC
||(1),klm + 2χ
(1), k
kl ∇
2C ||(1), l + 2χ
(1)
kl ∇
2C ||(1), kl + C ||(1),klmC
||(1)
, klm −∇
2C ||(1),k∇2C
||(1)
,k
)]
+ ∂i
[
A(1),k
∫ τ 2χ(1)kj (τ ′,x)
a(τ ′)
dτ ′ − A
(1)
,j
∫ τ 4φ(1)(τ ′,x)
a(τ ′)
dτ ′
]
+ ∂i∂j∇
−2
[
∇2A(1)
∫ τ 4φ(1)(τ ′,x)
a(τ ′)
dτ ′ + A
(1)
,k
∫ τ 4φ(1)(τ ′,x),k
a(τ ′)
dτ ′ − A(1), kl
∫ τ 2χ(1)kl (τ ′,x)
a(τ ′)
dτ
− A(1), k
∫ τ 2χ(1)km(τ ′,x), m
a(τ ′)
dτ ′
]
− C
⊥(2)
i,j + (i↔ j) , (C.57)
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showing that transformation of χ
⊥(2)
ij depends on ξ
(2)µ only through C
⊥(2)
(i,j) ,
χ¯
⊤(2)
ij =χ
⊤(2)
ij +
[
1
a2
] [
δij∇
−2
(
A(1),klA
(1)
, kl −∇
2A(1)∇2A(1)
)
+ 4∇−2
(
A
(1)
,ij∇
2A(1) − A
(1),k
,i A
(1)
, kj
)
+ ∂i∂j∇
−2∇−2
(
A(1),klA
(1)
, kl −∇
2A(1)∇2A(1)
)]
+
4a′
a2
[∫ τ dτ ′
a(τ ′)
] [
δij∇
−2
(
A(1),klA
(1)
, kl
−∇2A(1)∇2A(1)
)
+ 4∇−2
(
A
(1)
,ij∇
2A(1) − A
(1),k
,i A
(1)
, kj
)
+ ∂i∂j∇
−2∇−2
(
A(1),klA
(1)
, kl
−∇2A(1)∇2A(1)
)]
+
[
2a′
a2
] [
− δij∇
−2
(
χ
(1),kl
kl A
(1) + χ
(1)
kl A
(1),kl + 2χ
(1),k
kl A
(1),l
+ 2∇2A(1)∇2C ||(1) − 2A(1),klC
||(1)
, kl
)
− 2χ
(1)
ij A
(1) + 2∂i∇
−2
(
χ
(1),k
kj A
(1) + χ
(1)
kj A
(1),k
)
+ 2∂j∇
−2
(
χ
(1),k
ki A
(1) + χ
(1)
ki A
(1),k
)
+ 4∇−2
(
A
(1)
,ij∇
2C ||(1) + C
||(1)
,ij ∇
2A(1) −A
(1),k
,i C
||(1)
, kj
− A
(1),k
,j C
||(1)
, ki
)
− ∂i∂j∇
−2∇−2
(
χ
(1),kl
kl A
(1) + χ
(1)
kl A
(1),kl + 2χ
(1),k
kl A
(1), l + 2A(1),klC
||(1)
, kl
− 2∇2A(1)∇2C ||(1)
)]
−
[
1
a
] [
δij∇
−2
(
χ
(1)′,kl
kl A
(1) + χ
(1)′
kl A
(1),kl + 2χ
(1)′,k
kl A
(1),l
)
+ 2χ
(1)′
ij A
(1) − 2∂i∇
−2
(
χ
(1)′,k
kj A
(1) + χ
(1)′
kj A
(1),k
)
− 2∂j∇
−2
(
χ
(1)′,k
ki A
(1) + χ
(1)′
ki A
(1),k
)
+ ∂i∂j∇
−2∇−2
(
χ
(1)′,kl
kl A
(1) + χ
(1)′
kl A
(1),kl + 2χ
(1)′,k
kl A
(1),l
)]
−
[∫ τ dτ ′
a(τ ′)
]2 [
δij∇
−2
(
A(1),klmA
(1)
, klm
−∇2A(1),k∇2A
(1)
,k
)
+ 2∇−2
(
− 2A
(1),kl
,i A
(1)
, klj + 2A
(1)
,kij∇
2A(1),k
)
+ ∂i∂j∇
−2∇−2
(
A(1),klmA
(1)
, klm
−∇2A(1),k∇2A
(1)
,k
)]
+
[∫ τ dτ ′
a(τ ′)
] [
δij∇
−2
(
4φ(1),klA
(1)
, kl − 4∇
2φ(1)∇2A(1) − χ
(1),kl
kl,m A
(1),m
− 4χ
(1),k
kl,mA
(1),lm + χ
(1)
kl,mA
(1),klm − 2χ
(1), k
kl ∇
2A(1), l + 2A(1),kl∇2χ
(1)
kl − 2A
(1),klmC
||(1)
, klm
+ 2∇2A(1),k∇2C
||(1)
,k
)
− 2χ
(1)
ij,kA
(1),k − 2χ
(1)
ki A
(1),k
,j − 2χ
(1)
kj A
(1),k
,i − 4∇
−2
(
2φ
(1),k
,i A
(1)
, kj + 2φ
(1),k
,j A
(1)
, ki
− 2φ
(1)
,ij∇
2A(1) − 2A
(1)
,ij∇
2φ(1) − A
(1),kl
,i C
||(1)
, klj −A
(1),kl
,j C
||(1)
, kli + A
(1)
,kij∇
2C ||(1),k + C
||(1)
,kij ∇
2A(1),k
)
+ 2∂i∇
−2
(
χ
(1),k
kj, l A
(1),l + 2χ
(1)
kj, lA
(1), kl + χ
(1), l
kl A
(1),k
,j + χ
(1)
kl A
(1),kl
,j + χ
(1)
kj ∇
2A(1), k
)
+ 2∂j∇
−2
(
χ
(1),k
ki, l A
(1),l + 2χ
(1)
ki, lA
(1),kl + χ
(1), l
kl A
(1),k
,i + χ
(1)
kl A
(1),kl
,i + χ
(1)
ki ∇
2A(1), k
)
+ ∂i∂j∇
−2∇−2
(
4φ(1),klA
(1)
, kl − 4∇
2φ(1)∇2A(1) − χ
(1),kl
kl,m A
(1),m − 4χ
(1),k
kl,mA
(1),lm − 7χ
(1)
kl,mA
(1),klm
− 2χ
(1), k
kl ∇
2A(1), l − 4χ
(1)
kl ∇
2A(1), kl − 2A(1),kl∇2χ
(1)
kl − 2A
(1),klmC
||(1)
, klm + 2∇
2A(1),k∇2C
||(1)
,k
)]
+
[
δij∇
−2
(
4φ(1),klC
||(1)
, kl − 4∇
2φ(1)∇2C ||(1) − χ
(1),kl
kl,m C
||(1),m − 4χ
(1), k
kl,mC
||(1), lm + χ
(1)
kl,mC
||(1),klm
− 2χ
(1), k
kl ∇
2C ||(1), l + 2C ||(1),kl∇2χ
(1)
kl +∇
2C ||(1),k∇2C
||(1)
,k − C
||(1),klmC
||(1)
, klm
)
− 2χ
(1)
ij,kC
||(1),k
− 2χ
(1)
ki C
||(1),k
,j − 2χ
(1)
kj C
||(1),k
,i − 4∇
−2
(
2φ
(1),k
,i C
||(1)
, kj + 2φ
(1),k
,j C
||(1)
, ki − 2φ
(1)
,ij∇
2C ||(1) − 2C
||(1)
,ij ∇
2φ(1)
− C
||(1),kl
,i C
||(1)
, klj + C
||(1)
,kij ∇
2C ||(1),k
)
+ 2∂i∇
−2
(
χ
(1),k
kj, l C
||(1),l + 2χ
(1)
kj, lC
||(1),kl + χ
(1), l
kl C
||(1),k
,j
+ χ
(1)
kl C
||(1),kl
,j + χ
(1)
kj ∇
2C ||(1), k
)
+ 2∂j∇
−2
(
χ
(1),k
ki, l C
||(1),l + 2χ
(1)
ki, lC
||(1),kl + χ
(1), l
kl C
||(1),k
,i
+ χ
(1)
kl C
||(1),kl
,i + χ
(1)
ki ∇
2C ||(1), k
)
− ∂i∂j∇
−2∇−2
(
4∇2φ(1)∇2C ||(1) − 4φ(1),klC
||(1)
, kl + χ
(1),kl
kl,m C
||(1),m
+ 4χ
(1), k
kl,mC
||(1), lm + 7χ
(1)
kl,mC
||(1),klm + 2χ
(1), k
kl ∇
2C ||(1), l + 4χ
(1)
kl ∇
2C ||(1),kl + 2C ||(1),kl∇2χ
(1)
kl
+ C ||(1),klmC
||(1)
, klm −∇
2C ||(1),k∇2C
||(1)
,k
)]
. (C.58)
Eq.(C.58) tells that transformation of χ
⊤(2)
ij involves ξ
(1)µ only, not ξ(2)µ. The above
56
formulas are valid for a general scale factor a(τ). Note that, in (C.56), (C.57), and
(C.58), χ
(1)
ij contains the tensor χ
⊤(1)
ij , which belongs to the scalar-tensor coupling
and will not be considered in this paper.
D Gauge Transformations from Synchronous to Poisson
The perturbed metric in the Poisson gauge up to 2nd order is generally written as
[10, 51]
g00 = −a
2
[
1 + 2ψ
(1)
P + ψ
(2)
P
]
, (D.1)
g0i = a
2
[
w
(1)
P i +
1
2
w
(2)
P i
]
, (D.2)
gij = a
2
[
δij − 2
(
φ
(1)
P +
1
2
φ
(2)
P
)
δij + χ
⊤(1)
P ij +
1
2
χ
⊤(2)
P ij
]
. (D.3)
where the vector (shift) is transverse
∂iw
(A)
P i = 0, A = 1, 2 (D.4)
and the tensor is
χ
⊤(A)i
P i = 0, ∂
iχ
⊤(A)
P ij = 0. (D.5)
Consider transformations of the metric perturbations from a synchronous to
a Poisson coordinate. Given the 1st-order solutions φ(1), Dijχ
||(1), χ
⊤(1)
ij in syn-
chronous gauge without vector mode, one gets, by the formula (C.4), the 1st-order
perturbation in Poisson gauge as the following [51]
ψ
(1)
P = −α
(1)′ −
a′
a
α(1), (D.6)
w
(1)
P i = α
(1)
, i − β
(1)′
, i − d
(1)′
i , (D.7)
φ
(1)
P = φ
(1) +
1
3
∇2β(1) +
a′
a
α(1), (D.8)
χ
⊤(1)
P ij = Dijχ
||(1) + χ
⊤(1)
ij − 2Dijβ
(1) − d
(1)
i,j − d
(1)
j, i . (D.9)
By the conditions (D.4) and (D.5) and the solution Dijχ
||(1) of (15), one gets the
1st-order vector field of transformation
α(1) = −
τ
3
ϕ+
9
τ 4
∇−2X , β(1) = −
τ 2
6
ϕ−
3
τ 3
∇−2X , d
(1)
i = 0. (D.10)
Substituting (D.10) into (D.6)-(D.9), one obtains the 1st-order perturbations in
Poisson gauge [51]
ψ
(1)
P = φ
(1)
P = ϕ+
18
τ 5
∇−2X , w
(1)
P i = 0, χ
⊤(1)
P ij = χ
⊤(1)
ij , (D.11)
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which tells that the two scalars are equal and contain decaying modes, the vector
is absent, and the tensor is equal to that in synchronous gauge.
Next the 2nd-order transformation. By the formula (C.5), keeping only the
scalar-scalar coupling, using the solutions φ(1) of (14), β(1) of (D.10), χ
||(2)
S of (56),
χ
⊥(2)
Sij of (63), after lengthy calculations, one obtains
α(2) =
τ
10
∇−2F −
2τ
9
[
5ϕϕ− 6∇−2
(
ϕ, kϕ
, k
)
+ 9∇−2∇−2
(
ϕ, klϕ
, kl −∇2ϕ∇2ϕ
) ]
−
τ 3
21
[
∇−2
(
∇2ϕ∇2ϕ− ϕ, klϕ, kl
) ]
+
162
τ 9
[
− 3∇−2X∇−2X +∇−2(5∇−2X,k∇
−2X ,k)
+∇−2∇−2(6∇2X∇−2X + 6X,k∇
−2X ,k)
]
+
3
2τ 7
[
2∇−2X,k∇
−2X , k +∇−2(9X2 − 9∇−2X ,kl∇−2X,kl)
]
+
3
τ 4
[
3∇−2Z +∇−2∇−2(5∇−2X∇2∇2ϕ− 5ϕ∇2X
− 6X∇2ϕ + 6ϕ,kX
,k − 4∇2ϕ,k∇−2X,k + 8ϕ
,kl∇−2X,kl)
]
+
1
2τ 2
[
5ϕ, k∇−2X, k +∇
−2(−2X∇2ϕ− 8ϕ, kl∇−2X, kl − 10∇
2ϕ, k∇−2X, k)
]
,
(D.12)
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β(2) =
1
2
∇−2∇−2A−
τ 2
6
[
−
3
10
∇−2F + 7ϕϕ− 4∇−2
(
ϕ, kϕ
, k
)
+ 6∇−2∇−2
(
ϕ, klϕ
, kl −∇2ϕ∇2ϕ
) ]
−
τ 4
504
[
7ϕ, kϕ, k + 6∇
−2
(
∇2ϕ∇2ϕ− ϕ, klϕ, kl
) ]
+
81
4τ 8
[
∇−2X∇−2X +∇−2(−5∇−2X,k∇
−2X ,k)
+∇−2∇−2(−6∇2X∇−2X − 6X,k∇
−2X ,k)
]
+
9
4τ 6
[
∇−2(−4X,k∇
−2X , k −X2)
+∇−2∇−2(−6X,kl∇
−2X , kl − 6∇−2X ,klm∇−2X,klm)
]
+
1
τ 3
[
∇−2(3∇−2X∇2ϕ− 3Z)
+∇−2∇−2(−17ϕ∇2X − 11X∇2ϕ− 64ϕ,kX
,k − 36ϕ,kl∇−2X,kl)
]
+
1
2τ
[
− ϕ, k∇−2X,k +∇
−2(2X∇2ϕ− 2ϕ, kl∇
−2X , kl)
]
, (D.13)
d
(2)
i =∇
−2Gi −
4τ 2
3
∇−2
[
− ϕ, i∇
2ϕ+ ϕ, kϕ, ki + ∂i∇
−2(∇2ϕ∇2ϕ− ϕ, klϕ
, kl)
]
+
162
τ 8
∇−2
[
−X,i∇
−2X + ∂i∇
−2
(
∇2X∇−2X +X,k∇
−2X ,k
)]
+
2
τ 3
∇−2
[
7ϕ,iX + 15ϕ,ki∇
−2X ,k − 15ϕ, k∇−2X,ik − 3∇
−2X,i∇
2ϕ
+ ∂i∇
−2
(
− 4X∇2ϕ+ 8X,kϕ
,k − 12∇2ϕ,k∇
−2X ,k
)]
+
1
τ
∇−2
[
5∇2ϕ,k∇−2X,ik − 5ϕ,ikX
,k + 5ϕ,kl∇−2X,kli − 5ϕ, kli∇
−2X , kl
]
,
(D.14)
where F , Z, A, Gi are given by (53), (55), (57), and (61), all depending on the
59
initial values at τ0, and the 2nd metric perturbations in Poisson gauge are
ψ
(2)
P =−
3
10
∇−2F +
[16
3
ϕϕ− 4∇−2
(
ϕ, kϕ
, k
)
+ 6∇−2∇−2
(
ϕ, klϕ
, kl −∇2ϕ∇2ϕ
) ]
+ τ 2
[1
6
ϕ, kϕ, k +
5
21
∇−2
(
∇2ϕ∇2ϕ− ϕ, klϕ, kl
) ]
+
162
τ 10
[
− 12∇−2X∇−2X +∇−2(35∇−2X,k∇
−2X ,k)
+∇−2∇−2(42∇2X∇−2X + 42X,k∇
−2X ,k)
]
+
3
2τ 8
[
46∇−2X, k∇
−2X , k +∇−2(45X2 − 45∇−2X ,kl∇−2X,kl)
]
+
6
τ 5
[
3∇−2Z + 7ϕ∇−2X +∇−2∇−2(5∇−2X∇2∇2ϕ− 5ϕ∇2X − 6X∇2ϕ
+ 6ϕ,kX
,k − 4∇2ϕ,k∇−2X,k + 8ϕ
,kl∇−2X,kl)
]
+
6
τ 3
ϕ, k∇−2X, k , (D.15)
φ
(2)
P =
[3
5
φ
(2)
S0 +
1
10
∇2χ
‖(2)
S0 +
τ 20
6
ϕ, kϕ
, k +
τ 20
6
∇−2(∇2ϕ∇2ϕ− ϕ, klϕ, kl)
−
τ 40
120
∇−2(∇2ϕ, k∇2ϕ, k − ϕ
, klmϕ, klm)
]
+
[4
3
ϕϕ+
8
3
∇−2
(
ϕ, kϕ
, k
)
+ 4∇−2∇−2
(
∇2ϕ∇2ϕ− ϕ, klϕ
, kl
) ]
+ τ 2
[1
6
ϕ, kϕ
, k +
5
21
∇−2
(
∇2ϕ∇2ϕ− ϕ, klϕ
, kl
) ]
+
324
τ 10
[
−∇−2(5X∇−2X) +∇−2∇−2(6∇2X∇−2X + 6X,k∇
−2X ,k)
]
+
15
2τ 8
[
8∇−2X, k∇
−2X , k +∇−2(9X2 − 9∇−2X ,kl∇−2X,kl)
]
+
6
τ 5
[
3∇−2Z − 17ϕ∇−2X +∇−2∇−2(5∇−2X∇2∇2ϕ− 5ϕ∇2X
− 6X∇2ϕ+ 6ϕ,kX
,k − 4∇2ϕ,k∇−2X,k + 8ϕ
,kl∇−2X,kl)
]
+
6
τ 3
ϕ, k∇−2X, k +
[ 27
10τ 60
∇−2(∇−2X ,klm∇−2X,klm −X
,kX,k)
+
3
τ 30
∇−2(X∇2ϕ + ϕ, kl∇−2X,kl + 2X
,kϕ,k)
+
3
10τ0
∇−2(ϕ,klm∇
−2X ,klm −X,k∇
2ϕ,k)
]
, (D.16)
60
w
(2)
P i =
8
3
τ∇−2
[
− ϕ, i∇
2ϕ+ ϕ, kϕ, ki + ∂i∇
−2(∇2ϕ∇2ϕ− ϕ, klϕ
, kl)
]
+
1296
τ 9
∇−2
[
−X,i∇
−2X + ∂i∇
−2
(
∇2X∇−2X +X,k∇
−2X ,k
)]
+
6
τ 4
∇−2
[
− 8ϕ, iX + 12∇
−2X,i∇
2ϕ
+ ∂i∇
−2
(
− 4X∇2ϕ+ 8X,kϕ
,k − 12∇2ϕ,k∇
−2X ,k
)]
, (D.17)
χ
⊤(2)
P ij =
20
3
δij∇
−2∇−2(ϕ, klϕ
, kl −∇2ϕ∇2ϕ) +
80
3
∇−2∇−2(ϕ, ij∇
2ϕ− ϕ, k, iϕ, kj)
+
20
3
∇−2∇−2∇−2∂i∂j(ϕ, klϕ
, kl −∇2ϕ∇2ϕ)
+
1
τ 8
[
∇−2
(
81X2 − 81∇−2X,kl∇
−2X ,kl
)
δij − 162∇
−2X,ij∇
−2X
+∇−2∂i
(
162X,j∇
−2X
)
+∇−2∂j
(
162X,i∇
−2X
)
+∇−2∂i∂j
(
81∇−2X,k∇
−2X ,k − 81X∇−2X
)
+∇−2∇−2∂i∂j
(
81∇−2X,kl∇
−2X ,kl − 81∇2X∇−2X
)]
+
9
2τ 6
[(
X2 −∇−2X,kl∇
−2X ,kl
)
δij − 4X∇
−2X,ij + 4∇
−2X ,k,i ∇
−2X,kj
+∇−2∂i∂j
(
X2 −∇−2X,kl∇
−2X , kl
)]
+
9
8τ 4
[
δij∇
2
(
X2 −∇−2X ,kl∇−2X,kl
)
+ ∂i∂j
(
X2 −∇−2X ,kl∇−2X,kl
)
+∇2
(
4∇−2X ,k,i ∇
−2X,kj − 4X∇
−2X,ij
)]
+
1
(2π)3/2
∫
d3keik·x
[(k cos(kτ)B¯5 ij
8τ 3
−
k3 cos(kτ)B¯4 ij
144τ 3
+
k2 sin(kτ)B¯5 ij
8τ 2
−
k4 sin(kτ)B¯4 ij
144τ 2
)(∫ kτ
0
sin s
s
ds
)
+
(k sin(kτ)B¯5 ij
8τ 3
−
k3 sin(kτ)B¯4 ij
144τ 3
−
k2 cos(kτ)B¯5 ij
8τ 2
+
k4 cos(kτ)B¯4 ij
144τ 2
)(∫ +∞
kτ
cos s
s
ds
)
+
∑
s=+,×
s
ǫij(k)
s
hk(τ)
]
.
(D.18)
The results in (D.15)-(D.18) contain decaying modes, and extend (6.8) of Ref. [51]
to general initial conditions at time τ0. The results tell that the scalars ∝ τ
0, τ 2,
τ−10, τ−8, τ−5, τ−3, the vector ∝ τ 1, τ−9, τ−4, and the tensor ∝ τ−8, τ−6, τ−4, τ 0 in
Poisson gauge.
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